Mot ky thudt tim GTLN va GTNN ciia ham sé THPT chuyén Neuyén Quang Diéu

UNG DUNG PAO HAM DE TIM GTLN VA GTNN
CUA HAM SO NHIEU BIEN

Huynh Chi Hao

A. PHUONG PHAP CHUNG

Pé giai bai toan tim GTLN, GTNN cta ham s6 nhiéu bién bang phwong phap ham s, thong thudng ta
thuc hién theo cac buoc sau :
> Bién dbi cac sb hang chura trong biéu thirc vé cling mot dai luong glong nhau.
» Dua vao mot bién moi t, bang cach dit t bang dai luong da duoc bién d6i nhu trén.
> Xétham s f(t) theo bién t. Khi d6 ta hinh thanh dugc bai toan twong dwong sau : Tim gid tri lom
nhdt, gid tri nho nhat ciia ham sé f(t)véi teD.
> L0c ndy ta str dung dao ham dé tim gia tri 16n nhét, gid tri nho nhét cia ham sd f (t)véi teD.
> Chuy : trong truong hop khong thé xay dung truc tiép duoc ham sd f (t) véi t e D, ta c6 thé di tim
e f(t)voiteDthoa P> f(t) ddi voi bai toan tim gid tri nho nhat
e f(t)voiteDthoa P< f(t) ddi voi bai toan tim gid tri 1on nhét.

B. MOT SO BAI TOAN MINH HQA

I. XAY DUNG TRUC TIEP HAM SO f(t) BANG CAC BIEN POI PAI SO:

Phuwong phap chung:

» Du doan kha nang déu bdng xay ra hogc gia tri dac biét trong diéu kién dé dat dwoc bién phut
thich hop.
C6 thé bién doi dwoe vé ham f{t) khong can svr dung tinh chat bat ddng thike.
Ham f{t) twong déi khdo sat duworc.
Chii y phan tim diéu kién cia t (phdi thdt chinh xdc)
Thich hop cho cdc dé thi khoi B va D.

VV VY

*Thi du 1. Cho x, y la cdc sé thuc dwong théa man x +y = 1.
Tim GTNN cuia biéu thirc P = (xz +i2j(y2 +i2j
y X
Loi gidi.
r 3 1
e Tabién ddi P=(xy)’ +——+2
( ) (Xy)Z

X,y>0 1
Do nénl=x+y>2, O<xy<=—.
* {x+y:1 y Vo= ad 4

o Dit t=(xy)2,diéukiéncﬁatlél O<t£%

* Khi do bitu thic P = £(t)=2+t+
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2

e f't)= tt—z_l; ta thay f'(t)<0 véi moi te (O; %}, suy ra ham s f(t) nghich bién trén nira khoang

55

. : o : 1) 289
e Vaiy gié tri nho nhét cua biéu thuc P 1a minP = min f(t)= f(—j =— 0

* Thi du 2. (Khoi A 2006) Cho céc s6 thuc x#0, y=0 thoa (x+y)xy=x>+y2—xy.
1

— -

Tim GTLN ctia biéu thire A= — +
Xy

Loi gidi.
2

e Pit x+y=5 va xy=P voi P=0, tirgia thiéttaco P = (S#-3)

S+3

2
45" L % o3t 0es<3usea
S+3 S+3 S+3
3 3 2 2 2 2 2
e Ta bién ddi A=X :‘Z :(X+Y)(X3+3y XY):(X+3Y)3Xy=(X+YJ =(3+3j
X"y X"y X"y Xy S

e X,y tontaikhi $?>4P < S%>

e Xét ham sé f(t):$ véi t<-3 vt>1,tach f’(t)=—§<o

e BBT

1 4
X \ \
0 1

e Viy GTLN P=16 khi x=y=%.El

e Suyra A=f?(t)<16

*Thi du 3. Cho cdc s6 thuc dwong thay déi X,y théa diéu kiénx+y =1.

Tim GTNN ciia biéu thirc P = R +i.
X +Yy Xy
Loi gidi.
11 1 11 1
¢ P=—1—F+—= 3 +—= +—
XAy xy (x—y)°-3y(x+y) xy L-3xy xy
2
- X+Yy 1
Pit O<t=xy<|XHY| -1
+ pa o<ty <(X2Y] -
e Xéthamsé fM)=— +1 véio<t<i
1-3t 1 2
f-—3 1 iy _pero 33
-3 t 6
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e BBT

N

f/(t) - +

© +00
\A+2f /
3-43

e Suyra P> f(TJ=4+2\/§

e ViyGTIN P=4+23 khi x= 11 (2831, 1),  [2V8-3]

% Thi du 4. (khoi D 2009) Cho cdc s6 thuc khong dm X,y théa diéu kiénx+y =1,
Tim GTLN va GTNN cuia biéu thite S = (4x? +3y)(4y? +3x) + 25Xy
Loi gidi,
e DO x+y=1nén S=(4x*+3y)(4y* +3x)+25xy
=16x°y? +12(x% + y*) + 9xy + 25xy
=16x°y? +12[(x +y)° —3xy(x+ y)]+ 34xy
=16x°y? —2xy +12

2
- X+Yy 1
bat 0<t=xy<|—=| ==
¢ Da Xy ( 5 j 4

a

e Xéthamsd f(t) =16t —2t+12 véi 0<t<t

S

f't)=32t-2= f’(t)=0<:>t=%

1 1
t 0 16 4
) N
12 | %5
() B / 2
16

e ViyGTLN s;% khi x:yzé

GTNN s =22% ki x=2+\/§,y:2_\/§ hoic x=2_\/§,y:2+\/§.ﬂ
4 4 4 4
% Thi du 5. Cho cdc s6 thie thay doi x,y théa diéu kién y<0va x> +x=y+12.
Tim GTLN, GTNN ctia biéu thirc P =xy +x+2y+17.
Loi gid.
e Tach x> +x-12=y<0<=-4<x<3
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o P=x(X*+x-12)+Xx+2(x* +x-12)+17 =x* +3x*> —9x -7
e Xéthamsd f(x)=x"+3x>—-9x—7 VvOi —4<x<3
f/'(xX)=3x>+6x-9=f'(X)=0<=x=-3;, x=1

X -4 -3 1 3
f/(x) + 0 - 0 +

-13

e Vay GTLN P=20 khi x=-3,y=-6 hoac x=3,y=0
GTNN P=-12 khi x=1,y=-10 O
% Thi du 6. Cho cdc s6 thue x>0 VA y>0 théa x+y=2.

2 2
N SR S , X“+Xy+y +Xx-3
Tim gia tri nho nhat cua biéu thirc P = y+y .

3X—-xy+1
Lai gid.
x>0
o y>0 =0<x<2
X+y=2
. I3_x2+x(2—x)+(2—x)2+x—3_x2—x+1
3x-x(2-x)+1 x> +x+1
P _ 2x* -2
(X? +x+1)?
0 1 2
p/ - )+
p -~ 1 7
-

e Viy GTNN P:% khi x=1y=1.0
*Thi du 7. Cho cdc s6 thuc thay doi X,y théa diéu kién x+y#-1, X2+ Y2 +xy =X+ y+1.

Tim GTLN, GTNN cia biéu thirc P=—Y
X+y+1

Loi gidi.
o T gia thiét X’ +y’ +xy=x+y+lexy=(x+y)* - (xy)-1

t2—t-1
t+1

e Diatt=x+y,taco (x+y)224xy<:>3t2—4t—4£0<:>—§st32.Khid(’) P=
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2_ —
e Xéthimséd f()=' -1 Vc'ri—gst<2
2 t=—2
)= "2 L =0
(t+2) t=0
2
t - 0 2

o8]

f/(0) - , t

f(®)

\

e Vay GTLN P:% khi x:y=—% hodc x=y=1

GTNN P=-1 khi x=-1,y=1hodc x=1y=-1.00
* Thi du 8. Cho cdc s6 thie thay doi x,y théa diéu kién X,y =0, xy(X+Yy)=x2+y2 —X—y+2.

Tim GTLN ciia biéu thire P =+ X
Xy
Lai gid.
o Tir gia thiét suy ra xy(x+Yy) = (X+ y)2 —2xy — (X + y) + 2
2_
° Détt=x+ysuyraxy:ﬂ
t+2
3 2 _
e Taco (x+y)224xy<:>t 2: +24t 820<:>t<—2v2£t
+
2
e Khidop=2*¥Y_ U+
Xy t°—t+2
2
e Xéthamsd f()=— 2 (< 2v2<t véi
t°—t+2
_-3tP+4t+4

-2
flf)=——— = f'X)=0=t=—; t=2
® (t> —t+2)° ) 3

t |-o

/() - -
1 2
f(t) \ 2 \
7 1

e Viay GTLN P=2 khi x=y=1.0
*Thi du 9. Cho cdc s6 thuc thay doi X,y théa diéu kién 1—y? = x(x—y).
x®+y®-1
XCy+xy?

Tim GTLN, GTNN ciia biéu thirc P =
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Loi gidi.
e TacOl=x’+y’—xy=>xy<xy<1

1=X2+y2—Xy2(X+y)2—3XyC>xy2—%

6 6 X2+ 2 X2+ 22_3X2 2
o TacspXrYL_( y)[( ) '] 1
X’y +xy Xy (< +y?) xy(x*+y?)
e Ditt=xy=x"+y* =1+t
2
P:—Zt +3
t+1
_ 2
e Xéthimsd f()=—2 "3 voi —f<t<1
t+1 3
— 2_ a—
f’(t):2t—4t23<o
(t+1)
-1
t - 1
f/(t) —
25
=+ 1
M | \ 3

e Vay GTNN P = f(1)=% Khi x =y =+1
1, 25 . 1
GTLN P= f(-2) == khi x=-y=+—.0

( 3) 5 y N
% Thi du 10. (Khéi B 2011)Cho a, b cdc sé thiee diwong théa 2(a? +b?)+ab = (a+b)(ab+2).

; a® pd a’? b?

a a

Loi gidi.

e Tir gia thiét ta c6 2 E+E +1= 1+1 (@ab+2)=2 E+9 +1:a+g+b+322x/§ \/§+\/E
b a a b b a b a b a

o Dit t=%+9:>2t+122\/§«/t+2 :»4t2—4t—1520:»tzg
a

Ta c6 a’ b’ a’ ? 3 2 3 2
L] acoP=4 F'F? -9 b—2+? :4(t —3t)—9(t —2) =4t° -9ot° -12t +18

e Xét ham s f(t)=4t3—9t2—12t+18vc'yigst

f/(t)=12t*> -18t-12 = f’(x)=0<:>t=—1; t=2
2

| an

t +00

' +

+00
0 s
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e Suyra P> f@j:—§

4
Vay GTNN p=—2

THPT chuyén Neuyén Quang Diéu

khi a=1 b=2hay a=2, b=1.0

* Thi du 11. Cho cdc sé thiec thay déi X,y théa diéu kién 2(x? +y?) =xy +1
Tim GTLN, GTNN cuia biéu thirc p =

Loi gidi.

x*+y?

2xy +1

e Ditt=xy.Taco: xy+1:2((x+y)2—2xy)2—4xy:>xyz——

e Va xy+1=2((x—y)2+2xy)24xy:>xy§%.B

K:——Stﬁl.
5 3
2
(YY) -8y ot
e Suyra: P= =
2xy +1 4(2t+1)
7(-t* -t
e Dodo: P'= ( )

2(2t+1)*

P'=0<t=0,t=-1(L)

1 1
g 0 3
P/ |0 + 0 -
1
P12 /4 \_2'_
15 15
A .1 .2
e ViayGTLN la TV GTNN la =—.0

15
% Thi du 12. Cho cdc 6 thue a,b,c théa abc =242 .
. ey, . , A , W2 8.6 + b6
Tim gia tri nho nhat cua biéu P =
Loi gidi.

b® +c®
4 4 22+
a“+b*+ah
[ ]

. c®+a°
b*+c*+b’c® c*+a’+c’a’
2 2 4 4 2152 2 2 4 4 2.2 2 2 4 4 2,2
Ta b I:):(a +b4)(a4+b2 2a b )+(b +c4)(b4+c2 2b c )+(c +a4 )(c4+a2 2c a)
a"+b"+a‘b b* +c” +b°c c’'+a"+c‘a
e Nhan xét: Do abc =22 nén a?,b? c? la cac sb thuc duong
2 2
. XétA:A:XZer2 Y ovei xy>0
X2+ y°+Xxy
s x b e t?—t+1 .
e Chia tir va mau cho y? va dit t =— ta dugc A=— voit>0
y to+t+1
2 2
e Xéthamsé f@)=1""ysioct = /@)= X "2
te+t+1 (X +x+1)
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t 0 1 +00

f/(t) _ 0 +

f(t) \ /

e SuyraP>= (a +b?) 4z (b2+c)+ L@ +b) =7 (a +h? +c?)= R’/a’h’c’ =

. VayGTNNP 4kh|a b=c= J_El
% Thi du 13. Cho hai so thuc x, y thoa man x>1, y>1 va 3(x+y) = 4xy.

W]k

Tim gid tri Iom nhét va gid tri nho nhét ciia biéu thirc P =X+ y* +3[12+12j.
Xy
Loi gidi.
< e 3a

e Dbat x+y=a.Khidd xyzj,a>0.
e Suyra x, y la nghiém cua phuong trinh t? —at+37a=0 1)
e Phuong trinh (1) ¢6 nghiém < A=a”-3a>0=a>3.
e Vix y>1nén (x-1)(y-1)>0. Hay la xy—(x+y)+1>0 <:>%a—a+120<:>as4.

e Viytaco 3<ac<4.

e Mit khéc, tir gia thiét ta lai co l+1=i
Xy 3
2
e Suyra P=(x+Yy)°’-3xy(x+y)+3 1+l —£=a3—2a2—§+g,
y Xy 4 a 3

e Xéthamsd f(a)=a s 9428, @ 3<a<a4.
4 a 3’

e Taco f'(a)=3a’ —%a+£_3a(a——)+ 8 >0, Vael3; 4].
a a’

a 3
4
f'(a) +
94
3
P=f(a)
113
12

e Duya vao BBT ta suy ra minP:%,datkhi a=3<:>x:y:g;

x=1y=3

maxP=%,datkhia:4c> .
3 x=3, y=1

8



Mot kp thudt tim GTLN va GTNN ciia ham s6 THPT chuyén Neuyén Quang Diéu
% Thi du 14. Cho cdc so thuc khong am X,y,z thod mdn x> +y* +12* =3.

Tim gid tri I6n nhdt cia biéu thirc A= Xy + Yz + 27X+ :
X+Y+1z
Loi gidi.
2

o Ditt=x+y+z = t?=34+2(Xy+Yyz+2X) = Xy+YyZ+2X=

e Tacé 0<xy+yz+2x<x?>+y2+z2=3nén 3<t?<9 =/3<t<3vit>0.

2
. KMdéA:t_3+%
2
e Xéthamss f(t)=+>-> J3<t<3
2 t 2
3_
e Taco f'(t):t—tiz:tt25>0vit2\/§.

e Suyra f(t) dong bién tren [/3, 3]. Do d6 (1)< f (3) =%.

e Dau ding thitc xdy rakhi t=3 < x=y=2z=1.
e VayGTLN cua A la %, dat dugc khi x=y=2z=1.0
* Thi du 15. Cho hai sé thic x théa mdn 0<x<1,0<y<1 V& X+ Yy = 4xy.
Hay tim gid tri [6n nhdt va gid tri nho nhat cia biéu thirc M = X% +y2 —7xy.
Loi gidi.
e Dat xy =t = x+y=4t. Theo dinh Ii Viet dao x, y 1a nghiém ctia phuong trinh
h(X)= X2 —4tX +t =0.
e Vi 0<X,Xy <1 nén phuong trinh h(X)=0 c6 nghiém X,, X, thoa man

A'=4t* —t>0
1.h(0)=t<0 1
0<X;1£X, <1l —-1— & —<t<—.
1 2 1.h(1))=1-3t>0 4 3
O<§:2t£1
2
. es 2 2 L 1 1
e Khidé M =(x+y)" —9xy =16t° —9t, VOIZStSE'

e Tacd M'(t):32t—920<:>t23%e[%;%j. Suy ra Bang bién thién

t| X Y22 P!

M'(t) - 0 +

_3 _u
ot
64
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o Suyra:Mmaxz— , dat khi xy = —:>x Ly=

OOII—‘

1

hoac x=>,y=1.
3)

E

hoac y=2x=-.0

min

-Mw

: 9
M,,; :——,datkhl =— =>X=2y=
64 Y 32 y=

* Thi du 16. Cho x, y ld hai s6 thuc théa mdn x*+y? +xy =3.
Hay tim gid tri I6n nhdt va gid tri nhé nhat cia biéu thire A=x"+y* +4xy—x°y*
Loi gidi.
e Diéukién: x>-1y>3.
e Dit u=+/x+1>0;v=—/y—3<0. Khi d6 h¢ di cho trd thanh

u+v=a
u+v=a ,
= _
{u2+v2:2a =222
2
. : , . ) a’-2a
—u,v 12 nghiém ctia phuong trinh f(t)=t?—at+ =0.

e Heé da cho c6 nghiém < phuong trinh f(t)=0 c6 nghiém ¢,, ¢, thod man t, <0<t,

a’-2a

=1.f(0)<0= <0=0<a<2.

e Dit t=xy. Tu gia thi€t x* +y* +xy =3 ta c6:

+) 3:(x+y)2—xy2—xy = xy=>-3.

+) 3=x" +y? + xy > 3xy = xy <1 Vay —-3<t<1.

+) x* +y* =(x2+y2)2—2x2y2 =(3—xy)* —2x?y? =9 —6xy — x?y?.

Suy ra A=-t>—t>-2t+9, —3<t<1.
e Xéthamso f(r)=—>—r*-2r+9, -3<r<1.
f'(t)=—3t* =2t —2 <0, Vt. Vay ham s6 nghich bién trén 0 , nén:
min f(t)= f(1)=5; [ggﬁf(t)= f(-3)=33

—3<t1
e Péyringt=lex=y=tlvit=-3< x=—y=+3
e Vay min A=5,datkhi x=y=+1
max A =33, datkhi x=—y=+/3.0

*Thi du 17. (khéi B 2012) Cho cdc sé thuc x, y, z théa man cdc diéu kién x+y+z=0 va x2+y? + 22 =1.

Tim gid tri I6n nhat cua biéu thire P=x°+y° +72°.
Loi gidi.
Cach 1:

{x+y+z:0 =0y -5
[ ]

X +yi+z2 =1 \F \F
Z<xty<

o P=xX’+y +2°=x"+y° — (x +y)° = -5xy(x’ + y°) — 10xX°y*(x +)

_ 5 3 1 5 3 5 . _
— | (x+ ——(x+ =——t +_t’ t=x+

. ft)= —gtu%t

10
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15, 5
P =-t+
F(t)=0<:>t:i%
t
2z WA VG
%
f;((t)) — 0 + 5_ -
t 5%/ 56
¥ >~ _— %
56
36

o SuyraP£5%46.VéymaxP=5‘/646 XéyrakhitZ}/\/g
X+y:}</g X+y=— %

e y=-% (conghiem) hay {xy=1 (c6 nghiém) O
Z=—(X+Y) z=—(x+Y)

Céch 2:
o Véix+y+z=0va x*+y*+2>=1, taco:
O:(x+y+z)2:x2+y2+22+2x(y+z)+2yz:1—2x2+2yz, nén yz=x2—%.

2 2 2
e Mat khac yzsy;rz =12 suyrax—%< 5 ,do do \/_s s\/—

o Khido: P=x>+(y*+25)(y*+2°)-y?*2°(y+2)
=x°+(1- xz)[ (Y + 2°)(y+ z)- yz(w z]+( %—%j

=x°+(1- xz)[—x(l— X W { xz—lﬂ+( xz—%j )(:751 (2x- X

& 6 &

e Xétham f(x)=2x*-x trén {—? ?} suy ra f'(x)=6x>-1; f’(x)=0<:>x=i?

e Taco f{—?j:f(ﬁjz—ﬁ f(ﬁlzf[—ﬁjzg- Do d6 f(x)s@-

6 9" | 3 6
Suy ra P<5\/_
i 6 L
e Khi X=€, y:2=—% thi dau bang xay ra.

5\/€'D
6

e Vay gid tri l6n nhat coa P 1a —
* Thi du 18. Cho 2 56 thuc x, y théa min : X+Yy=2x—2+Jy+1+1.

Tim GTLN, GTNN ciia F = g(x—y)%(y—xp 20+ xyx+y)

JX+Y

11
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Loi gidi.
o Tirgia thiét = x>2;y>-1.
2
e Vi (2.Jx—2+1.Jy+1) <(22+22)(x=2+y+1) & 2Jx =2+ Jy+1< B(x+y-1).
Nén tir X+y=2Vx—2+,y+1+1

:>x+y£,,/5(x+ y-1)+1.Pbatt=x+y, taco: t—lsa/S(t—l) < 1<t<6

o Khid(’):F=%(x+y)2+ i, 2

2 _1p,2
a/x+y 2 \/t_
2 ) L
— , Vi1 tel1;6], co f(t)_t——20Vt 16
oo el p>ovtels]
. 5 2
Minf(®)=f() == ; Max f(t)=f(6)=18+—=
= Min f(t)= ()= ; Max f(0)=(6) .

X=2
y=-1

o X6t f(t) =%t2 +

= GTNN cua F la: gdat duoc tai: t =1<:>{

. X=6
e VayGTLN cuaF la 18+i dat duoc tai :t=6c>{ OEI

G y=
% Thi du 19. Cho x VA& y la cdc s6 thuce théa man: 1—y* =x(x—Y).
. cr s S T S , x®+y®-1
Tim gia tri [on nhdt va nho nhdt cua biéu thirc: P =——"——
X’y + Xy
Loi gidi.
e Tir gia thiét ta co:
1=x2+y*—xy>2xy—xy < xy<IL.
1=Xx"+Yy*—xy = (X+Yy)* —3xy > -3xy <:>xy2%l.
o Tacoé xX*+y?=1+xy nén x°+y°=(x*+ yz)[(x2 +y?)? —3x2y2]
@+t @+t -3 ]-1
t(1+1)

e Datt=xy vérite{—%; }\{0}. Khi d6 ta duge P=

—2t>+3

e HayP= =f(t)

e Hamsd f(t) trén {—%;1}\{0}

2t> —4t -3

:_(tT)Z <0 Vte {— }\{o}

e Vay MinP:P(1)=%<:>t=1<:>x=y=il

'_\

e Taco f'(t)

00

25 1
MaxP = P(-2) =2 o=t s x=—y=+-20
( ) 5 3 7
% Thi du 20. Cho X, Y,z thuéc doan [0 2]va X+y+2z=3.

Tim gid tri [om nhdt ciia A=X>+Yy* +17°

Loi gidi.
e Cho X,Y,z thudc [0;2]va X+ y+Zz=3. Tim gid tri Ion nhit cia A=Xx*+y*+2°
e Giasit X<SY<z=3=x+y+2<3z1=>1721=17¢€¢([];2]

12



Mot kp thudt tim GTLN va GTNN ciia ham s6 THPT chuyén Neuyén Quang Diéu
e Laico:

X+ y" < (x+Y)% (%)
:>A£(3—z)2+z2 =27 -62+9
o Xét f(z)=22"-62+9,2¢[L;2]= f'(z)=42-6,f '(z):0<:>z:g

3) 9
f(Q)=5"f2)=5"f|—=|=—
@) (2) (2} >
e Kéthop (¥)taco

e Vay max A=5khi x=0,y=1z=20

13



M0t ky thudt tim GTLN va GTNN ciia ham s THPT chuyén Nguven Quang Diéu
II. XAY DUNG GIAN TIEP HAM SO f(t) BANG SU DUNG TINH CHAT BAT PANG
THUC:
Phwong phap chung:
» Dy doan kha nang ddu bdng xay ra hodc gia tri dac biét trong diéu kién dé dat dwoc bién phut
thich hop.
Kha néng bién doi dwege vé ham f(t)la khé budc phdi sir dung bat dding thike.
Lueu y khi stk dung bdt dang thirc diéu kién dau bang xay ra phdi diing
Can thudc mét sé bat dcfng thire phu dé cé thé dwa vé theo mét dai lwong thich hop nao do theo y
mong muon.
Ham f{t) twong déi khdo sat duworc.
Chii y phan tim diéu kién cia t (phdi thdt chinh xdc)
Thich hop cho cdc d@é thi khéi A va B.

VVV VVYVY

* Thi du 1. (Khoi B 2009) Cho cdc s6 thuc thay doi théa (x+Yy)° +4xy =2.
Tim GTNN ciia biéu thirc P =3(x" +y* +x2y?) = 2(x* + y?) +1.

Loi gidi.
x> +y? ’
e Tacot (xy)zs(Tj
x> +y° ?
o P>3(xX*+y%)*- 5 —2(x* +y?)+1
< s o (x+y)?
e batt=x"+y >2—— 5 >—(theog1ath1et (X+Y)° +(X+Y)? = (x+Y)® +4xy >2)
2
e Xét ham sb f(t):%—2t+1 vc’yitz%
ot
flft)==-2
=3
X !
o | +
f(t) g /
16

e SuyraPx>f()>f(= )_E

e Viy GTNN P:% khi x:y=z:%.D

% Thi du 2. (Khoi B 2010) Cho cdc sé thuwc khéng am a, b, ¢ théa a+b+c=1.
Tim GTNN ciia biéu thirc P =3(a’h? +b?c? +c?a?)+3(ab+bc +ca) + 2y/a? + b? + c?
Loi gidi.
e Tabién doi P> (ab+bc+ca)’ +3(ab+bc+ca) +2,/1-2(ab+bc +ca)
(a+b+c)* 1
3 3

e Dbit t=ab+bc+ca,didukién 0<t=ab+bc+ca<

14



Mot kp thudt tim GTLN va GTNN ciia ham s6 THPT chuyén Neuyén Quang Diéu
1 A 1 ,
e Xét ham so f(t):t2+3t+2\/1—2t,Vte{O;§] taco

2

\1-2t

f”(t)=2—#§0

Ja—mf

Do vay f'(t) Ia ham nghich bién: f'(t)> f’@j :151—2\E> 0.

f'(t) =2t +3—

Suy ra f(t)1a ham sé dong bién

e BBT
1
0 bl
t 3
f/(t) -
10+64/3
9
f(t)
2
o SuyraP>f(t)>f(0)=2
ab=Dbc=ca
e Vay GTNN P=2 khi <ab+bc+ca=0 khi (I 0; 0) va cac hoan vi. (J
a+b+c=1

% Thi du 3. Cho a, b, ¢ la do dai ba canh ciia tam gidac cé chu vi bcing 3.
Tim GTLN cua biéu thire P =3(a?+b?+c?)+4abc .

Loi gidi.
e (iasu 0<a§b§c:>1§c<g

e TacOP=3(a+b)*>—6ab+3c’ +4abc =3(3—c)® +3c* —2(3—c)ab

>3(3-¢)? +3¢% —2(3— c)(a%b)

—3(3-c)? +3c? —2(3— c)(%j

_er3e .2
2 2
e Xét ham s f(t)=t3—§-tz+EZ vc’yilst<§
2 2 2
f/(t)=3c?-3c
e BBT:
3
t 0 1 -
/) - 0 o+

i | \ /
13




Mot kp thudt tim GTLN va GTNN ciia ham s6 THPT chuyén Neuyén Quang Diéu
e SuyraP>f@)=13

e VayGTNN P=13 khi a=b=c=1.00

* Thi du 4. Cho cdc s6 dwong Xx,y,z théa x+y+z<1.

Tim GTNN cua biéu thirc P =X+ y+z+1+£+1.

X y z
Loi gidi.
e Theo bat dang thuc Cosi ta co
1>X+y+2z>3/xyz
1+1+£> 3
X Yy 7z 3xyz
3
o Suyra P>3/xyz+
y Sz
e Xét ham sb f(t):3t+§ V(’)i0<t£%
3 3-3t°
f’(t):3—t—2: z <0
X 0 =

f /(t) —

0 \ 10

e SuyraP>f(t)> f(%)=10

e Vay GTNN P =10 khi x=y=z:%

*Thi du 5. (Khoi A 2003) Cho cdc s6 dwong X,y,z théa x+y+z<1.

Tim GTNN ciia biéu thirc P :\/x2+i2 +\/y2+i2 +\/z2 +i2.
X y z

Léi gidi.

e Tacd Pz\/(x+y+z)2 (%+i’+;j >3\/(33\/_) +( J
_1
9

e Xét ham s6 f(t)=9t+% V(')’i0<tS% O<t<(x+y+z) _

_ 2
f’(t):g—t%zg ot <o

t2

f/(t) —

f(t) \Jéz




Mot ky thudt tim GTLN va GTNN ciia ham sé THPT chuyén Neuyén Quang Diéu

e SuyraPx>.,f(t)> f(%):\/s_z

e Viy GTNN P=+82 khi x:y:z:%.ﬂ

* Thi du 6. Cho cdc s6 thuc khéng am a, b, ¢ théa a+b+c=3.
Tim GTLN ciia biéu thirc P = (a> —ab +b?)(b? —bc+c?)(c> —ca+a?).
Loi gidi.
e Gidast0<a<b<c<3

a(a-b)<0 [a®’-ab+b%*<b?
e Suyra =
a(a-c)<0 a?—ac+c?<c?
e Do d6 P<h’c?(b? —bc+c?) =h’c?|(b—c)® —3bc]

. Tﬁ{ozzzgizzgtacé b+c<a+b+c=brc<3e 2Jbc<b+c<3
o Suyraogbcs%

e Tudotacd P<b?c?*(9-3bc)

e Xéthamsé f(t)=—3t° —ot? Vc’yiOSt<%

f/(t) =-9t° +18t

fly | 0+ 0 -

12
f(x) / \

e Suyra P<f(2)=12

e ViayGTLN P =12 khi a=0;b=1 c=2 vacéac hoan vi. O
*Thi du 7. Cho cdc s6 thuc a, b, ¢ déi mét khdc nhau thudc [0; 2].
1 1 1

Tim GTNN ciia biéu thirc P = 5+ 5+ 5 -
(@a-b)* (b—c)* (c—a)

Loi gidi.
e Giastr 0<a<b<cx<?2
!
— < _ 2 =
. Tir O<c-ax<? - (c-a)> 4
0<c—-b<2-Db 1 S 1
(b-c)*>  (2-b)?

1 1 1

e SuyraP>—+ +=

y b> (2-b)* 4

17



Mot ky thudt tim GTLN va GTNN ciia ham sé

THPT chuyén Neuyén Quang Diéu

e Xét ham sb f(b)=i2+ 1 2+1 vol 0<b<2
bs (2-b)* 4
2 2
f/(b)=——+
®) b*  (2-b)®
b 0 1
fly] © - 0

f(b) \

o

e

e Suyra P> f(1)=%

e Viy GTNN P:% khi a=0;b=1 c=2 vacac hoan vi. O

* Thi du 8. Cho cdc s6 dwong x,y théa x+y=1.
Tim GTNN ciia biéu thirc P =

X y
+ .
N/ /1— y
Loi gidi.

, a b
e Apdung BPT =+ —>Ja++b
p dung \/B \/5

o P= X +1_TX2\/;+\/1—X

1-x X
e Xéthamsd f(x)=vx++/1-x vbi0<x<1
f/(x)= L 1

1
- . ' (x)=0= x==
2Jx 241« (=0 2

X 0

=

flx) | 0 +

Nl

) /

N

e SuyraP< f(%)=\/§

e Viy GTNN P=+2 khi x= y:%.D
% Thi du 9. (Khoi B 2006) Cho cdc s6 thue thay doi X, Y.

Tim GTNN ciia biéu thirc P = J(x—l)z +y° +\4,/(x+1)2 +y? +]y-2|

Loi gid.

e TacéBDT va?+b? +4/c? +d? >/(a+c)® + (b+d)’

P> Jd-x+x+1)2+(y+y)? +ly-2/=2\1+y? +|y-2|

18



Mot ky thudt tim GTLN va GTNN ciia ham sé

THPT chuyén Neuyén Quang Diéu

e Xéthamso f(y)=2y1+y* +|y-2
e Truonghgp y-2<0<vy<2

f(y)=2y1+y* -y

2
fFl(y)=—2L -1

1+ y?

:>f’(y)=0©y=ﬁ

Suyra f(y)> f(ij:2+\/§

[EEN

J3
e Truonghgp y-2>0<y>2

f/(y) -

+00
i) \ 3
2+./3

f(y)=2J1+y? >2J1+22 >2+4/3

e Vay GTNN P=2++3 khi x=0, y=%.[l

% Thi du 10. Cho cdc s0 duwong X,y,z thoa x+y+z<3.
1 2

\/xz +y?+z2+1 (DY +D(z Y

Tim GTLN cuia biéu thirc P =

Loi gidi.
e Ap dung BDT cosi, ta co
x> +y*+2° +1Z%(X2 + y2)+%(z2 +1) 2%(x+ y+2z+1)°

(x+1)(y +D(z +1) < (%”*3’)

54

e SuyraP< - -
X+y+z+1 (X+y+z+3)

e Datt=x+y+z+1>1

pe2_ 54
t (t+2)°
s A 2 5 .
o Xéthamso f(t)=—- ; Vvoil<t
t (t+2)
2 162
flt)y=—>+ = f't)=0=t=1t=4
® t?  (t+2)° ®

t 0 4

400

f/(0) + ) -

Al

o TN




Mot ky thudt tim GTLN va GTNN ciia ham sé THPT chuyén Neuyén Quang Diéu

e Suyra Psf(4)=%
e Viy GTLN P:% khi x=y=2z=1.0

z

% Thi du 11. Cho cdc s0 duong Xx,y,z . Tim GTLN cua biéu thirc P = X + y +
\/xz +y° \/yz +22 72+

Loi gidi.
. Datazl,bzi,c:lzabc:l
X y z
e SuyraP= L + L + L < L +\/2(%+ 12j
Ji+a® V1+b* 1+c? 1+a’ 1+b* 1l+c
< ! + 2 s\/z+ 1—i
Ji+a? Jl+bc 14X 1+ X
e Ditt-—— véio<t<=
1+X 2
e Xéthamsd f(t)=tv2 +2J1-t
f/(t):—VZ_Zt_lzo
Vt-1
T
t 0 =

/() +

f(0) /

e SuyraP< f(%):i

V2
e Viy GTLN P:% khi x=y=z=1.0
% Thi du 12. Cho cdc s0 dwong X,Yy,z thoa x+y+z=3.

. I XY + Yz + 2X
Tim GTNN cua biéu thirc P=x*+y*+7° + 2y y2 — .
X2y + Y2z + 22X

Loi gidi,
e Taco 3@*+b*+c*)=(a+b+c)@*+b*>+c?)=a’+b®+c’®+a’b+b’*c+c’a+ab® +bc? +ca’
a’®+ab®>2a’
Ma {b®+bc? > 2b%c = 3(a® +b”* +c?)>3(a’b+b’*c+c’a) >0
c®+ca’>2c’a

Dit t =x*+y* +z°

_(y? 2 2 _
9—-(X"+vy +Z):t+9t

P>x*+y*+2°+
Y 2(x* +y* +12%) 2t

Xét ham s6 f(t)=t—%+% voi 3<t

20



Mot ky thudt tim GTLN va GTNN ciia ham sé

THPT chuyén Neuyén Quang Diéu

f/t)=1-

e SuyraP< f(4)=%

9

2t?

+o0

)

+

(t)

4

——

e Viy GTLN P:% khi x=y=2z=1.0

% Thi du 13. Cho cdc sé khéng am X,y,z théa x+y+12>0.

Tim GTNN ciia biéu thirc P =

Loi gidi.

e Taco x*+y*2>

(x

+y)®
4

dua vao phép chirng minh tuong duong

e Dit x+y+z=a,khido

P x* +vy°®+162° o (x+ y)° +64z° (a-z)°+647°
(x+y+2)°

o Pitt=2
a

x*+vy*+167°
(x+y+2)°

3

e Xéthamsd f(t)=(@1-t)°+64t° vi 0<t<1

3

a a
1
f’(t)=3[64t2—(1—t)2]:>f’(t):0<:>t:§
t 5 1
f/(t) - 0+
o N2
81

e Suyra Pz%,f

e Viay GTNN Pzg khi x=y=4z.00

[

1

9

)

16
81

% Thi du 14. (Khoi B 2007) Cho cdc s6 thire dwong x, Y, 7 .
Tim GTNN ciia biéu thirc P = x(§+ij+ y(%+ij+ z(£+ij,

Loi gidi.

Yz

ZX

21
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Mot kj thudt tim GTLN va GTNN ciia ham sb THPT chuyén Nguyén Quang Diéu
x> +y?+12° +x2+y2+22

2 Xyz
e DO X*+y*+z°>2xy+Yyz+12X

2 2 2
P> X—+1 + y—+1 + Z—+1
2 X 2y 2 z

e Tea 4 > 1. 1
o X¢ét ham so f(t):?+E VO’ltZE

e Taco P=

1

t?

fl)=t-

) +

fit)

b |

e Viy GTNN P:% khi x=y=z=1.00

% Thi du 15. (Kho”'i A 2011)Cho x, y, z la ba s0 thuc thuoc doan [1;4] va x>y,x>12.
Tim gid tri nhé nhat cia biéu thirc P = X Y,z
2X+3y Z+Yy Z4X

Loi gidi.
e Taco ! + ! > 2 voi a>0,b>0 va ab>1 (chitng minh tuong duong)
1+a 1+b 1+ab

Khido P= X + lz+ 1X2 13 + 2
2x+3y 142 14 2 1+\/;
y z X y

Détt:\/g Vi 1<t <2
y

t? 2

e SuyraP>— +—
2t°+3 1+t

t2

e 3+% vol1 1<t <2
+ +

—2Jt?(at - 3) + 3t(2t —1) + 9] 0

Xéthamsd f(t) =

F = e a0
t 1 2
f/(t) —
) T
3

22



Mot ky thudt tim GTLN va GTNN ciia ham sé

e Suyra P> f(2)=3—4

33

THPT chuyén Neuyén Quang Diéu

e Viay GTNN P=2—2 khi x=4; y=1, z=2.0

* Thi du 16. Cho cdc s6 thuc dwong a, b, c.

. s A, . 1.2 , 1 2
Tim gia tri [on nhat cua biéu thuc P =

J@+b+ci+1 (@+Db+D(c+D)’

Loi gidi.
e Ap dung BPT Cési ta co

a®+b®+c? +12%(a+b)2 +%(c+1)2 2%(a+b+c+1)2,
3
(a+1)(b+1)(c +1)3(W) .

e SuyraP< 2 - >4 5 -
at+b+c+1l (a+b+c+3)

e Patt=a+b+c+1 t>1. Khidotacod PSZ— o4 5
(t+2)

P 2 54 N ,
Xétham f(t)==- trén (1 .Taco
* W=t TN &+
t=1
f'(t)=—£2+ 54'34=O<:>9t=(t+2)2c> ') >0 1<t <4,
t° (t+2) =4
Suy ra BBT
t 1 +00
f'(t) +

Al olbd
|

fo / \

e Duya vao BBT suy ra PS%. Déu dang thirc xdy ra khi va chi khi t=4<a=b=c=1.

e Vay gid tri 16n nhat cua P 1A %, dat dugc khi a=b=c=1.0

% Thi du 17. (khoi D-2012) Cho cdc sé thuc x, y théa man (x—4)2 +(y—4)2 +2xy<32.
Tim gid tri nho nhat ciia biéu thie A=x*+y*+3(xy -1)(x+y-2).

Loi gidi.
o (X—4)2+(y—-4)>+2xy<32 =(x+Yy)*—8(Xx+y)<0 < 0<x+y<8
o Axy <(X+Y)? :>—6xy2—g(x+y)2

o A= X+y+3(xy-D(x+y—-2)= (Xx+Yy)*—6xy—3(x+Yy)+6
o Az(x+y)3—g(x+y)2—3(x+y)+6

23



Mot ky thudt tim GTLN va GTNN ciia ham sé THPT chuyén Neuyén Quang Diéu

" Patt=x-+y(0<t<8) xétf(t):t3—gt2—3t+6 — P(t)= 3 -3t-3
P(t)= 0 khi t = “f - £(0) = 6, £(8) = 398, f(“f) =l ‘4‘”5
e Vay gid tri nho nhét cia f(t) la =" 45J— xéy ra khi t = “f
o A>f(t) > 17_45J§. Déu bang xay ra khi x = = 1+£/§ hay x =y = 1+;/§ 0

Bai 1: Cho x, y, z 1a ba s6 thuc théa x? + y? + z? = 2Tim gié tri nho nhat cua biéu thic
P=x’+y>+2%®-3xy

Hudng dan @ dat t=x+y+z

Bai 2: Cho cac s duong x,y,z thoa x+y+z=3. Tim GTNN cua biéu thirc
P =9xy +10xz + 22yz

Hudng dan :

P =9xy +10(x + y)z +12yz = 9xy +10(x + y)[3— (x + y)]+12y[3— (x + y)]

Xét ham sd f(t) =—t>+3t véi 0<t<3

P=10f(x+y)+12f (y)—22xy <max f (t)

Bai 3: Cho cac sb duong x,y,z thoa x* +y? +z% =1. Tim GTLN cua biéu thirc
P=6(y+z—X)+27xyz

Hudng dan :

2 2 2
PSGW‘X]““”Xy ~ 26\/2(17—X]+27—X(1;X)

Bai 4: Cho cac s duong x,y,z thoa 21xy +2yz +8zx <12. Tim GTNN cua biéu thirc

P—1+2+§
X y z
Huédng dan :
Data—1 bzg; C=§,béitoeinduavétimGTNN P=a+b+c Véic22a+4b
X y z 2ab-7
2a+4b—E+E 2a+E 11 2ab_7 2a+E
P>a+b+ 4 2 >atbhb++ a _a+—+ + a
7 a 2ab-7 2a 2a 2ab—7
a 2b——
a

Xét ham sb 1“(t):'[+12—i+2‘/1+t12

Bai 5: Cho céc sb thuc x,y,z khong ddng thoi bang 0 thoa x2 + y? + 22 =2(xy + yz +zx). Tim GTLN,
GTNN cua biéu thirc

B x> +y®+7°
(X+y+2)(xX* +y?+12%)
Huéng dan :
. 4x 4y 4z -4, .
bat a= , b= , C= .Khid6é a+b+c=4va ab+bc+ca=4
X+Yy+2 X+Yy+2 X+Yy+2

24



Mot ky thudt tim GTLN va GTNN ciia ham sé THPT chuyén Neuyén Quang Diéu

Ap dung BPT (b+c)? >4bc suy ra 0< agg
Khi do P =3—12(a3 +b*+c?) = 3—12(3a3 —12a® +12a+16)

Xét ham sé f (t) =3—12(3t3 —12t% +12t +16)

Bai 6: Cho cac s6 duong x,y,z thoa (x+y+2z)% =32xyz. Tim GTLN cua biéu thirc
p_Xi+yi+zt
(x+y+2)*
Huong ddNnN.'
Do tir va mau cung bac nén gid st x+y+z=4
Tacd x* +y* +z2' =(X* +y*> +2%)* = 2(xX°y* + y*z% + 2°x?)
= [(x+ y+2)° —2(xy +yz +zx)]2 —2[(xy+ yZ + 2X)? — 2xyz (X + y+z)]
bat t =xy +yz + zx
Xét ham sd f (t) = (16— 2t)2 —2(t2 —16)

Bai 7: Cho céc s6 duong x,y,z thoa 232 :%. Tim GTLN, GTNN cuia biéu thitc
X+ Yy +12

xtryt ezt

C (x+y+2)*
Hudng dan :
Do tir va mau cung bac nén gia sit x+y+z=1
xy+yz+zx_l: Xy + Yz + zX 1

1 2
: ——:>xy+yz+zx:§:>xy=§—(1—z)z

Tir gid thiét —— = =
X“+y +z° 7 1-2(xy+yz+zx) 7

Tacd x* +y* +z2' =(X* +y* +2%)* —=2(xX°y* + y*z% + 2°x?)
= [(x+ y+2)? —2(xy +yz +ZX)]2 —2[(xy+ yZ + 2X)* — 2xyz (X + y+z)]
Xét ham s theo bién z va z=min{x,y,z}=0<z s%
Bai 8: Cho cac s duong x,y,z . Tim GTNN cua biéu thirc
o 2(x+y+2)° +9xyz
(X+y+2z)(Xy + yz + 2X)

Hudng dan :

N A A e R . 1
Do tir va mau cung bac nén gid st x+y+z=1va z=mln{x,y,z}:>0<z§§
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