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CHUONG I:

BIEN POI LUONG GIAC
Bai 1: Cho S, =tan’ %tan a+2tan’® % tan < +...+2"" tan’ in tan 2?71
Giai:
Taco tan2x= Lﬂf
I—tan” x

& tan2x —tan2xtan” x = 2 tan x
& tan’ xtan2x =tan2x—2tanx (1)
Thay vao (1) roi cong ve theo ve, ta duoc:

a a
tan® —tana = tana — 2 tan —
2 2

2‘[an2%tan%:2tan£—22 tan%

a a
+42? tan? ?tan? =27 ‘[an%—23 ‘[anﬁ3

a
§,=tana— 2" tan —

n—»0 n—»0

= limS, =tana - lim(2” tan ;—nj

S, =tana—a

.. X X X ..
Bai 2: Cho P, =cos—cos—...cos—. Tim lim P,
2 2 n n—om
Giai:
N ) sin 2a
Twr sin2a=2sinacosa = cosa =—
2sina
. ox
. sin —
x sin x X 2
cos — = ,CO0S — =
. X 22 .
2sin — 2s8in —
2 2
.Xx
sin —-
22
cos — = e
.oXx
Sln?
sin
X n—1
cos =
n
2sin —
n

. Tim imS

n—o "



. X J sin x
Nhan vé theo vé ta duwoc: P, =

2" sini
2]’!
= limP =lim——"
n—o0 n—wo .. X
2"sin—-
2]’!
) sin x sin x
=lim =
nseo X X
Sin——
2]’!
X
2]’!
Bai 3: Riit gon biéu thike:
A =\/2+\/2+\/2+ ....... 2
Gidai:

Ta co voi n=1:

4 :\/5:2cos%

Ta sé chung minh: A, = 2008% (*)

Véi n=1, dang thirc diing
Gia suw (*) dung toi n=k, tuc la :
A,=2 coszik

Ta ching minh (*) dung voi n=k+1, tiec la

7
A4,,, =2cos S

That vay:

A =242 4.2

k+1

:4/2+Ak

= \/2(005 2+ cosik
2

Vs Vs
= \/4 COS(F + 1) COS(F —7r)

Jer (dpemy)

Vay theo nguyén li quy nap, ta co :

=2c0S

A, = 2cos
2]’!



Bai 4: Cho vai ( hodc tdt ca) cdc so a,,a,,a,,.....,a, bang +1 va cdc so con lgi cua chung bang -1.
Chung to rang:

: aa, aa,a a,a,a5..4, )\ , .
2sm(al+172+#+....+wj45

22 21171
=a1\/2+a2\/2+a3w/2+...+an\/§
Chang han véi a,=a, =a, =....=a, =1 ta duoc:
2sin(l+%+%+....+231)45° =2cos ;151 =24+2+4..42

Gidai:
Ta sé tien hanh twr cong thurc nua goc:
.. a r 7 A ey 9 T « N ’. . A P
2s1n3 =++2-2cosa trong do dau “+” hoac” — “dwoc chon cho phu hop voi qui ludt vé

ddu cua ham sin. Su dung cong thirc nay ta lan luot dinh duoc sin cac goc:
o a.a o a.a aa,a o ada a.a,a aa,a,...d o
a,45 ;(a1+ ‘22j45 ;(a1+—122+—1 = 3j45; ..... ;(al+ 122+—1 e T s ”j45

22 22 ot 21171
Gia su ta da xdc dinh duoc sin goc:
aa, aa,a a,a,a,..a \ , £ s . ..
( L2 +%+....+%j45 trong do a,,a,,a,.....,a, lay cac gia tri bang +1 hodc -1 boi
Vi:
aa, aa,a a,a,a,...a \
2(a1+—122 +—12§ g 22,134 ”j45

n-1

\ aa, aa,a a,a,a;..a \ S , . C A
={i90 i(al+172+%+....+wj45} trong do dau “+” twong ung voi a=1 va dau ” —

‘

‘umg voi a= -1

Va
aa, aa,a a,a,a,...a
co{i90°i(al+ 122+ 123 24t 1"’2,134 ”j45°}
. aa, aa,a a,a,a,...a .
=—sin| @ + 2+ 22+ .+ 45
1 22 21171

Ap dung céng thire 2sin% =1+/2-2cos , ta co:

: aa, aaa a,a,a,...a .
2sm(al+172+%+....+%j45

52 e E

Pé ¥ rang tit cd cdc goc dwoc xét déu nhé hon 90°vé mdt gid tri tuyét doéi ( ngay cd

. aa, aa,a a,a,a,..a .
:i\/2+2s1n(a1+172+#+_ 4+ %% nj45

I 1 1 1 R . ve 1A A
(1+5+?+"'+2_”j 45 =90° —2—n90° <90° va vi ddau cua cac goc nay duwoc dinh boi dau cuaa, , nén

can bdc hai trong cong thirc cuoi phai lay dau “+" hoac” — “ tuy theo dau cuaa, . Noi cdach khdc ta
co thé viet:
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a,a a,a,a a.a,a,...d o
L2120 L2 ”j45

2sin(a1 +
a,a,0a,

:al\/2+2sin(al+%+ ¥

Gio ta hdy ding cong thirc hién nhién 2sin a,45°

2sin(a1 +a1—2azj45° = a1«/2+a2\/§
2sin(a1 +a1—§2+ alzz% j45 = al\/2+a2\/2+a3\/§

. aa, aa,a, a,a,a;.
2sm(a1+7+7+....+n— 45°

=a1\/2+a2\/2+a3w/2+...+an\/§

Bai 5: Tim diéu kién doi voi a va b dé ham so :
y=2x+asinx+bcosx [uon dong bién

) j i

= alx/g giip ta suy ra lién tiép cac hé thire sau:

Gidi:

Ham s6 ¢6 tdp xdc dinh D =R

Co dao ham y'=2+acosx—bsinx

Truong hop I: a=b=0=y'=2>0 VxeR
Piéu nay théa man yéu cdau dé bai

Truong hop 2: a*+b* >0

Ta co: y'=2+~a’ +b2[

COSX —

a
COSQ = ———=

Vi \/ab+b
Nyl

y'=2+4a’ +b’ cos(x+¢)

gt

vi —1<cos(x+¢)<l néne2—a’+b> <2+Va’ +b’ cos(x+p)<2+Va’ +b’

Pé ham s6 luén dong bién:

< y'20 VxeR

a’+b> >0

a’*+b*> <2

Sa+bh <4

Kéi lugn o> +b* <4

(chiiy a*+b* <4van diung khi a=b=0)

= 2-

~



Bii 6:
Cho ham s6 y=4x’ —mx. Tinh m dé |y|<1 khi|x|<1

Gidi:
Thudn: vi |x| <1 nén ta chon:
*x=1l>y=4-m
Theo gid thiét |y| <1 = |4—m|<1
= -1<4-m<1
=>3<m<5 (1)

1-m <1

Theo gid thiét |y| <1l=

:>|1—m|£2
= -2<1-m<2
=-1<m<3

Két hop (1) va (2) suy ra m=3
Dao: voi m=3=y =4x" -3x
Theo gid thiét |x <1
< JaeR:x=cosa
Vdy y=4cos’ a—3cosa
& y=cos3a
c>|y| =|cos3a| <1
Két lugn m=3

Bai 7: Chung minh rcing néu msin(a+) = cos(a = b) trong do a—b # krx vam #1thi biéu thirc

1 A P \
E= 1, + ' khong phu thugc vao a va b
l-msin2a 1—msin2b

Ta co: sin2a =sin[(a +b)+ (a —b)]
=sin(a + b)cos(a — b) + cos(a + b)sin(a — b)
=msin’(a +b) + cos(a + b)sin(a — b)
= 1—msin2a =1—m?sin*(a +b) —mcos(a + b)sin(a — b)
=1-cos’*(a —b)—mcos(a +b)sin(a — b)
=sin’(a —b) — mcos(a + b)sin(a — b)
=sin(a —b)[sin(a —b) —mcos(a +b)]
Tuong tw 1—msin 2b = sin(a — b)[sin(a — b) + mcos(a + b)]
1 1
- sin(a —b)[sin(a —b) —mcos(a+b)] " sin(a — b)[sin(a — b) + mco(a + b)]

1 1 1
B sin(a —b) Lin(a —b)—mcos(a+b) " sin(a—b)+mcos(a+ b)}



3 1 2sin(a —b)
~ sin(a—b) sin’(a—b)—m* cos*(a +b)
~ 2
sin’(a—b)-m*[1-sin’*(a+b)]
~ 2
" sin’(a—b)+m*sin’(a+b)—m”
~ 2
~ sin’(a—b)+cos*(a—b)—m’
2

=1 ( khong phu thuoc vao a va b)
—m

Bai 8: Cho ddy s6 {u,} xdc dinh nhw sau:

u, =tanntan(n—1),n =12...
Chitng minh rang ton tai cdc hang sé a, 8 sao cho ta c¢é
S, =u,+u,+..u, =atann+ fn Vn=12..
Theo cong thirc cong cung, ta co Vn=1.2...
tan] — tank — tan(k —1) — tank tan(k — 1) = tank —tan(k —1)

1+tank tan(k —1) tanl

Twdo suy ra :

S, =Ztanktan(k_1)= [tank_tan(k_l)_l}
k=1

pa tanl

B (Z”: tank—tan(k—l)}_n _ tann .

=y tanl tanl

b

it @ =——, f=—1 khi ddtn=12...1a c6:

tan
S, =atann+ fn

Vay bai toan duoc chung minh voi sy ton tqi cua cdc hang so «, f nhu trén

Bai 9: Day s6 xdc dinh nhw sau:

Biét |a| <1 . Tim diéu kién ciia a dé cdc so hang ciia ddy trén doi mét khdc nhau.
Gidi :
Vi |a| <1 nén tacé thé dit a=cosa véi 0<a<rx
Khi do ta co:
X, = cosa
x, =2cos’ a—1=cos2a
x, =2c0s’ 2a —1 = cosda = cos2’a
S . x4 _ "
Bang qui nap dé thay x, =cos2"a



Giaswtaco n<m ma x, =x, tuclacos2"a =cos2"a
n m
=>2"'a=R2"a+2kr,kez
a 2k

= Y La so hiru ti
m ¥

; I 2 AR G S .o
Dao lai gia sw — la so hiru ti, tuc la — = P
7 T q
Trong do p,q nguyén duong va nguyén to cung nhau.

Khidétacé: 2*a=2"2L =(2qa, + B ) E=2a,7+ 8,2
q q q
Trong do p, nhdn mot trong cac gia tri 0,1,2....2q-1 va a, € N
Vi x, =cos2*a suy ra moi mét sé x, trong diy vé han {x,.k =012..} sé bang 1 phdn tir trong déy

hit han {cosl—”} V6i1=1,2...2q-1
q
Piéu do cé nghia ton tai n<m sao cho x,=x,,

A 71 2. £ I T D S N A qea A n oas g O v XA,

Vay khi |a| <1, dé moi s6 hang cua dday doi mot khac nhau , diéu kién can va du la— la s6 vo ti voi
T

coso=a

Bai 10: Cho AABC ¢6 44=2B=C .Chimg minh ring :

4
cos’* A+ cos® B+cos*C =5

Gidi :
Trudc hét ta chung minh dang thuc sau:
V4 2r 37 1
cos——cos—+cos—:—(1)
7 7 7
That vay, nhan ca 2 vé cho sin 27” ta duoc
T . T 2r . 1w 3z . 1 . &
COS—sin — — cos——sin — + cos—sin — = —sin —
7 7 7 7 7 2 7
VT:ls z_ 1 1n3—”—s Il —|sin"Z -5 2
2 7 2 7 7 7
1 T . 37 4r
= —| sin — —sin — + sin —
2 7 7
Nhung 4—”2%—3—”, nén sin4—7r:sin3—7r
7 7 7
VT—l sm——sin3—7[+sm4—7[
X 2 7 7
Vay

:lsinZ =VP = dpcm
2 7

Tir gid thiét ta co:



2+Z/\3+(/\j=72' V4
@A:7;B=—;C:—

44=2B=C
cos® A+ cos’ B+cos’ C :%(2)

1+cos24 1+cos2B 1+cos2C 4
= + + =—

2 2 2 5

< 0824+ cos2B +cos2C = —%

2 47 &7 1
& CO0S— +COS— +COS— = ——
7 7 7 2

27 3z T 1
& C0S— — COS— —COS— = ——
7 7 7 2

1)

T 2 3z 1
< C0S——COS— 4 COS— =—
7 7 7 2
(1) dung = 2 dung

Bai 11: Cho day s6 xdc dinh nhw sau:

Viet lai biéu thirc cua U, ; dudi dang sau:

U, +tan%

U, Z—ﬁ(l)
1-U, tan—
12

Dat U,=tanp thi tir (1) suy ra
7
U, =tan| B+— |2
n+l an[ﬂ 12)( )

ViU, = ?nén tir (2) va nguyén Iy quy nap ta dé dang suy ra:

U - tan[% +(n- 1)£j

12



Vay: U, =ta (76[ + 20077[)

+1677z+ = tan 7[+7Z
4 6 4

=tan

1+

“"6\ B

3+\f
NN =243

1_7

* Chii y: Bang cach giai hoan toan tuong tu, ta lam duoc bai toan sau:

Cho U, = \/EvaU U+\/— !

(\/_—1F Tl‘m U2()()8

Do tan% =2 —1. Nén ta suy ra

U, = tan[a +(n— 1)%) Vi o = arctan/2

= Uy =tana =2

-10-



CHUONG II:

UNG DUNG CUA LUQONG GIAC TRONG HINH HQC

Luong giac la mot cong cu manh trong toan hoc, no duoc ung dung trong gidi cdc dang todn
khac, dién hinh nhu hinh hoc, khao sat ham so, chung minh bdt dang thuec.....Cdc bai tdp o chuong
nay chu yéu néu ra nhitng vi du vé su dung cong cu luong giac dé chung minh nhitng bai tap kho va
gioi thiéu cho cac ban mot so bai toan dac biét.

Bai 1:(Dinh ly Stewart)
Cho A ABC D la 1 diém trén canh BC. Dat AD = d, BD = m, DC = n. Khi do ta co cong thirc sau:
(goi la hé thirc Stewart): ad® = mb* + nec? — amn
Ké duong cao AH xét 2 tam gidc ABD va ACD va theo dinh Iy ham so cosin, ta co:
¢ =d?+m? —2mdcos ADB

=d*+m?® —2mHD (1)

= d? +n? + 2nd cos ADB

=d* +n® + 2nHD (2)
Nhdén tirmg vé (1) va (2) theo thir tw véi n va m
roi cong lai, ta co:
nc? +mb? =d*(m+n)+ mn(m+n) (3)
Dom +n = anén tu (3) suy ra:

ad? = mb? + ne? —amn

= Dinh ly Stewart chirng minh xong .

* Mo rong:

1. Stewart(1717-1785) la nha toan hoc va thién van hoc nguoi Scotland.

2. Néu trong hé thirc Stewart xét AD la dwong trung tuyén thi tur hé thurc Stewart co:

am? =2p? 4 2c2 22
a2 2 22
. 2b*+2c*—a* |

= mg = 2 (4)

(4) chinh la hé thirc xdc dinh trung tuyén quen biét trong tam gidc

3. Néu trong hé thirc Stewart xét AD la phan gidc. Khi d6 theo tinh chdt dwong phdn gidc trong ta
co:
m ac . ab
— vdn =
C b+c b+c

n
= —= 1M =
b

Tur hé thiee Stewart co:

-11 -



N ac . ab a*bc

12 = h? + —a—
Ya= e b+c' a(b+c)2
. be[(b+¢)* —a?]
Ié = 5
— ‘e Groz &
Chii y rang:
) ,A 1+ cosA _l+bz+r:3—a: (b +¢)*—a? ©
cos = iTeosa= 2bc  2bc

Twr (5) va (6) suy ra:

2 b c?cos? —2 he cos—
© (b+c) =l = b+c

(7) chinh la hé thirc xdc dinh duwong phdn giac l,.
Vay, hé thite Stewart la tong qudt héa ciia hé thirc xdc dinh dwong trung tuyén va dwong phan gidc
da quen biet.
Bai 2:Cho AABC gid sit D va E la 2 diém trén canh BC sao cho BAD = CAE. Puong tron néi tiép
cac A ABD va A ACE tiép xiic véi canh BC twong iing tai M va N.Chirng minh rang:

1 1 1 1
MB ' MD_ NC ' NE

Gidi: A
Ta co:
1 1 _MB+MD __BD
MB MD MB.MD MB.MD
1 1 NC+NE EC 1 |
NC NE_ NC.NE _NC.NE B MD EN C

Vay dang thirc can chirng minh tiong dwcong véi dang thire sau:
BD.NC.NE = EC.MB.MD (*)

Dt BAD = CAE =

Ap dung dinh 1y ham s6 sin trong cdc AMBD va ACE, ta c6:

BD AD _ EC AE
sin < sinB 'sin o sinC (2)
Trong ABE theo dinh Iy ham s6 sin, ta c6:
AE BE BE sinB
sinB _ sin BAE - { )
Tuong tu:

-12-



_ CDsinC (4)
sin DAC
Thay (3) vao (1) co:

BD 3 CDsinC
sin < sin DAC sin B
Thay (4) vao (2) co:

EC _ BE ?j.l_lf 6)
sinoc  sinBAEsnC
Do BAD = CAE nén tir (5) va (6) suy ra:
BD €D ssinCy*

EC _ BE (sin B) 1y

(5)

BD.BE ¢*
co.cE 2
Trong ABD ta co:
AB + AD-BD AD c+BD—-AD

2 2

Tuong tu:

BED+ AD —-c
MD =

2

Tw do suy ra:
{ 2MB+ AD =c+BD (8)
2MD +AD = —c + BD
Tw (1) va (2) suy ra:
BDsinB CEsinC

2D - ap  &sin®
BD.b CE.c
s | =
AD _ AE

= b.BD.AE = C.CE.AD (9)
Ap dung dinh 1y ham s6 cosin trong cdc tam gicas ABD va ACE ta c6:

BD? = AD?*+ ¢? — 24Dccos

CE? = AE? + b* — 2AEbcos x

¢+ AD?* - BD?* b*+ AE® —-CE*?
AD.c B AE.b (10)

Tacé: BD?* —¢* = (BD + ¢)(BD — ¢) va theo (8) ¢

—

BD?—¢* = (2MB + AD)(2MD + AD) = 4MB.MD + 2AD.BD + AD* (11)

Tuong tu ta co:

- 13-



CE? — b? = 4NC.NE + 2AE.CE + AE? (12)
Thay(11),(12) vdo (1) c6:
2MB.MD + AD.BD 2NC.NE + AE.CE

c.AD b.AE
— b.AE(ZMB.MD + AD.BD)= ¢c.AD(ZNC.NE + AE.CE) (13)

Tir (9)va (13) co b.AE.MBE.MD = ¢.AD.NC.NE (14)
Tu(3) (4) va (14) suy ra

b MB. MD BEsin B NC.NE CDsinC
S MY nBaE . O Y SinDAC

Hay sau khi thay

B b
sinB =—
2R

in C c
sin € = 5

Ta co :
b.MB.MD.BE «¢.NC.NE.CD
c B b

— MB.MD.BE =< NC.NE.CD (15)
o
Thay(7) vao (15) co:

BD.BE
MB.MD.BE = D CE

Hay MB.MD.BE = NC.NE.CD (¥

Vay (*) ding va la diéu can chitng minh.

NC.NE.CD

Bai 3 : (Pinh li ham sé cos thir nhit véi tir gidc)
Cho tir giac 16i ABCD, trong dé AB=a,BC=b,CD =c,DA=d,ABC = ,BCD =y AB = a, BC = b, CD
= ¢, DA = d. Chitng minh rang :
d’> =a’+b* +c* —2abcos f—2bccosy —2accos(S+7)
Goi K, L twong ung la trung diem AC va BD va M la trung diém BC (Chi xét khi K # L, tic la khi
ABCD khéng phdi la hinh binh hanh, vi néu ABCD la hinh binh hanh thi B+y =180"a=c,b=d va
két ludn trén la diéu hién nhién)
Co 2 kha nang xay ra :
1) Néu AB khong song song voi CD
Gid sit ABACD = E => KML = AED
Véi truong hop AB cdt CD vé phia trén, ta ¢6 : AED =180" —[(1800 —,B)+(180° —y)] =pB+y-180°
Khi AB cdt CB vé phia duéi, ta c6: AED =180 —(B+7)
Trong cd hai truong hop déu cé : cos AED =—cos(B+7)
-14-



Trong AMKL, theo dinh Ii ham s6 sin, ta co:
KL} = MK* + MI* = 2ML.MK cos KML

2 2
a C

ac
KD =—+-—+2——cos(f+
4 4 22 ('B }/)

2

2
=K =14+ & +7)(
R cos(S+y)(1)

Theo cong thirc Euler voi tur gidac, ta co :
KI? :%(a2 +b*+c’+d’ -é —fz)(2)
Voi e= AC, f =BD, thay (2) vao (1) :
a+b v+’ +d’ - - fP=a’+b’ +2accos(,3+}/)(3)
Lai dp dung dinh Ii ham sé cos, ta ¢ :
e’ =a’+b*>—2abcos f(4)
f?=c’+b*>—2bccos y(5)
Thay (4) va (5) vao (3), ta co :
d* =&’ + [ —b* +2accos(B+7)
=a’ +b’ +c” —2abcos B—2bccos y +2accos(S+7)
2) Néu AB//CD
Khi dé B+ y =180
Vay dang thirc twong dieong voi :
d*> =a’+b* +c* —2cos ff(ab—bc)—2ac
<=>d’=a’+b’+c’* —2bcos f(a—c)—2ac(6)
That vay, ke AE//BC, theo dinh li ham 6 cos trong AAED ta co :
d*=b"+(c—a) —2b(c—a)cosy
=b’+c’+a’-2b(c—a)cos f—-2ac
Vay (6) dung. Do chinh la dpcm.
*Chuy :
1. Nhac lai cong thuc Euler sau ddy:

Cho tur gidc loi ABCD, trong do AB=a,BC=b,CD=c,DA=d,AC=¢,BD=f. Goi K va L la
trung diém AC va BD. Khi dé ta c6 :

1
KD =—(ad’ +b* +c+d* -’ — f*

2 (a c e —f )
Chitng minh cong thirc Euler nhuw sau: ’
Xét tam gidc ALC, theo tinh chadt trung tuyén :
_2LC*+2LA* - AC?

4

2BC? +2CD* - BD’ Ly 24B’+24D’ - BD’

4 4
4

=%(a2+b2+cz+d2—ez—f2)

KL’

2 —AC?

-15-



Do la dpcem.

2. Ta c6 cach giai khdc cho bai toan trén nhu sau:

Hién nhién co :

AD = AB+BC +CD

<=> AD* = AB* + BC* + CD* +24B.BC + 24B.CD + 2BC.CD

Theo dinh nghia cua tich vo hudng suy ra :

d’> =a’+b* +c* —2abcos f—2bccos y +2accos(AB,CD)

Do cos(AB,CD)=cos(f+7)

(Chu y la cos(A—B,H?) = cos(1800 —,6’) = —cosﬁ,cos(ﬁ?,C—D) = cos(1800 —)/) =—C0s7.

=> dpcm

Bai 4: Cho tam giac ABC co B>C, goi AH, AP, AM tuong ung la duwong cao, dwong phdn gidac
trong va dwong trung tuyén ké tir A. Pt MAP=a. Chitng minh rang :

2 A
tan 5 = tan «.cot
Gidi:
Cach 1:
MB=MC

= SABM = SACM

=> %C.AM sin MAB = %b.AM sin MAC

=> c.sin(é+aj :b.sin(é—aj(l)
2 2

Theo dinh Ii ham sé sin, tir (1) ta cé:

sinCsin(§+aJ = sinBsin(g—aj

) . A . A . ) . A . A .
:>s1nCs1nzcosa+s1nCcos5s1na:s1nBs1nEcosa—s1nBcos;sma

A . ) . . A ) .
= cos3s1na(s1nB+s1nc) = s1n3c0sa(s1nB—s1n C)

A4 . . B+C B-C . A B+C . B-C
:>2cos5s1nas1n 5 oS :2s1n500sacos 5 sin

B-C B-C

. 2 A . 2 A .
=> S1n & COoS 5 Cos =CcoSasm ESIH

., S A .
Chia ca 2 vé cua (2) chocos’ ~ cosasin

2

A
tan 5 = tan «.cot

Do la dpcem.
Cach 2:
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Puong phin gidc trong AP kéo dai cdt dwong tron ngoai tiép AABC tai I. Kéo dai Ol cdt dwong tron

tc_ziNJ.

Dé dang thay rang PATM la twr giac noi tiep.

=> 1?]]\71 = 13711\7 =«

Mt khac PIM = %

B-C PM MI _MILIJ (1)
JM PM  MJ.IJ

Theo hé thuc luong trong tam gidc vuong, ta co:

{M[.IJ = IC*

MJIJ =1 BW C

Vay thay vao (1) ta duoc:

Tw do suy ra : tanacot

2
tan o cot 5-C = £ =tan’ IJC = tan’ «
2 JC
Do la dpcem.
Cach 3:

2 . A
Dang thirc tan’ 2= tan a.cot

A
<=> tan —tan

= tan o tan

A
B-C

tan

B-C

h—c B tan

b+c tanB+C

B H m
Theo dinh I ham sé tan, ta ¢é C
1 K
E

Vay tur (1) suy ra:

tan® @ = tan « cot

tana  b-c

<=> = (2)
tané b+c

Kéo dai Ab mot doan BE=b-c. AP kéo dai cat EC tai K
=> Al L ECva IE = IC

Ta co:
IK
tan o _1_5(3)
tané ﬂ 2
2 Al

Dé thdy Ml // BE (Puwong trung binh trong ABEC)
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=> Theo dinh li Thales ta co :

K Ml IK MI IK

= = = => =
EK AE EK—-IK AE-MI EK b
. , tana b-c
Thay (4) vao (3) ta co: =

tané b+c

Cach 4:

A

APB=CiMAC=C+ A

Mat khac :

tan o = tan(m —57217))

= tan[ﬁféﬂ\\l —%J

PN

tanffélj\\l—tanB_c

~ A~

1+tanff4ﬂ\4tanB_

Ta co : tan HAM = HaM = HC-HB 1

2AH

2(cotC—cotB) =

Thay (2)vao (1), ta co dpcm
511.1(B—.C) —tanB_C
2sin BsinC
sin(B—C)
+
2sin BsinC

. B-C ,B-C
sin 5 C

tana =

B-C
2

tan

(O8]

. . . B—
—sin Bsin Csin

(sinBsin C +sin’ B ; Cj cos

B-C
2

sin

2C[1+cos(B—C)—cos(B—C)+cos(B+C)]

. [cos(B—C)—cos(B+C)+1—cos(B—C)]cos

, B+C
C 2cos

=tan

2sin’

=tan

A B
tan’ 5 => tan® — = tan « cot

. Vay (2) dung => dpcm.

P M

sin(B-C)
2sin BsinC

(2)
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Cach 5 :
Keé At // BC. Tu B dung duong vuong goc voi phan giac AD. Duong ndy lan lwot cdt AD, AM, AC, At
tai I, P, O, R. Dé thay rang B, P, O, R la mot hang diém dieu hoa. R6 rang I la trung diem PQ, vay
theo hé thirc Newton voi hang diém diéu hoa, ta co:
IB* = IP.IR

_(BY _IP IR

B ([AJ 77

A t R

<=> tan’ A_ tan o cot IRA
3 P

@:@,@:%@) u

(so le trong)

Thay (2)vao (1) ta co dpcm.

* Chuy : Voi bai tdp trén chung em dwa ra 5 cach ching minh khac nhau. Noi chung, mot bai todan
6 nhiéu cdch gidi va 5 chua phdi la mét con s6 di 1om dé nguwoi ta dimg viéc tim toi. Nao, thir kham
pha mét con dwong doc dao khac xem, cach giai thie 6 dang doi nhitng nha toan hoc tai nang nhdt
day!

Bai 5:
Cho tam gidc ABC. Goi I vs O la tam dwong tron néi tiép va ngoai tiép tam gidc. Ki hiéu d,= IO.

1. Chblte’ng minh cong thuc Euler sau day :

2-1 , T
\/74 , chirng minh rang OI =r.
Gidi :
1.Taco P,(0)=R*>-0I’=14.14'(1), voi A' la giao diém ciia AI véi duong tron.
Ta co :

. ., . A . B .
2. Gia sw ta co sm—sm—sm£ =
2 2 2

A
=—" -
sin—
2
A'IC=14C+1cA=2FC
i
fear=A%€
N . B 5
=> AIA'C can dinh A nén IA'=A'C
Ap dung dinh Ii ham so sin trong AAA'C, Al

ta dwoc: A'C=2R sing

Vay tir (1), ta ¢6 - B ~d*=—"— 2Rsin =>d? = R ~2Rr
Sinz 2
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Cong thuc Euler duoc chung minh.

/ B , . A . B . . 0o A
2. Ap dung cong thirc r =4R s1n3s1n5s1n§ va theo gia thiét suy ra :

rooA2-1

_= =>I”+R=R\/§
4R 4

= r’+2Rr+R*=2R?
=r’=R*-2Rr

Theo céng thire Euler ¢ phan 1, ta dwoc r* =d
hay 10 = r (dpcm)

Bai 6 : Cho tam gidc ABC vdi B>C. Goi O la tim duwong tron néi tiép, O' la tam dwong tron ngoqi
tiep, O, la tam duong tron bang tiép goc A tam giac. Chung minh rang:
2(sin B—sin ()

tan 00'0, = oo A1

Gidi:
Ré rang OBI, = 0CO, =90° => BOCO, la tir gidc ndi tiép.
Goi I la trung diém OO,
—> BIC =2BO,C = B+C
—> A+ BIC =180" , ‘ , 7
=> ABIC la tir gidc ngi tiép. Vay I nam trén duong tron ngoai tiép AABC va I chinh la giao diém cua
AO; voi duong tron dy.
l?é~ thdy BI=CI , A
Ap dung dinh li ham so cot trong AOO'O,, ta co :
0'0*°+0'0> -0,0° )

cot00'0, = 15
00'0,

S

1 .
=280, =2, 0LI0'sin 010"

00'0,
1 .
= 5 00,.10'sm OI0'

(o1=01)

vi oro'=2=C_, Sooo =1R.001 sinB_C(l)
2 2 2 O

1

Ap dung dinh li ham sé sin trong ABOC, ta o : ’
(voi chu y la duong tron ngoai tiep ABOC chinh la duong tron ngogi tiép tur giadc BOCO, co duong
kinh OO))

BC = 00, sin BOC = 00, sin 2+-€

= 0O, cos 4
2

Mt khdc theo dinh Ii ham s6 sin trong AABC ta co :
BC=2Rsin 4

=>2Rsin 4 =00, cosg =>00, =4R sin§(2)
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B-C

(3)

Thay (2) vio (1) ¢6: S,y = 2K singsin
Lai co :

0'0* +0'0* — 00? =20'I* +201* — OO?
=2R*—8R’sin’ ; =2R? (2 cos A— 1)(4)

Thay (4) vao (3) ta duoc
2cos A—-1 2cos A—-1

cot0'00, = = : :
4sinB_CcosB_C 2(s1nB—s1nC)
2 2
2(sinB—sinc)
=>tan 0'00, =
2cosA-1
Do la dpcem.

Bai 7: (Dinh li Steiner - Lemus vé tam gidc cin)
Cho AABC c6 (¢, =1(,. Chung minh rang ABC la tam gidac can dinh A.

Giai:
Ta co
2accos§
/= 2
L=
a+c
2abcosg
‘= 2
¢ a+b
2accos§ 2abcos£
b, =0, <=> = 2
a+c a+b
1 (1 lj 1 (1 lj
<> LI S L6
cos§ a ¢ cos(zj a b

Gid thiét phan chitng b = ¢, khong mat tinh tong quat, gia sitb > ¢
B B
b>e=>90">2 55505 cosB ccos&
2 2 2 2
1 S 1
C

COS— COS—
2 2

=

b>c:>l>l
C

Vay VP(1) > VI(1). Piéu ndy vé li, chirng t6 gia thiét phan chitng la sai, nén b = c.

Do do ABC la tam giac can dinh A (dpcm).

* Chu y:

1. Jacob Steiner (1796 - 1863) la nha hinh hoc néi tiéng ngwoi Thuy Si. Pinh Ii Steiner nay ¢é hang
chuc cdch chitng minh khdc nhau, trong dé cdach chieng minh trén la cach duy nhdt sit dung cdc kién
thure luong gidc.
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2. Sau ddy chiing em xin dwa ra hai cdch chitng minh "phi lirong gidc" dep mdt dé ban doc thudng
thure.

Cidch 1: (Tic gid la 2 ki sw ngwoi Anh G.Jylbert va D.Mac - Donnell, dwoc cong bé trén tap chi
"American Mathematical Monthly” vao ndm 1963 va dwoc coi la cach gidi don gian nhat tai thoi
diém nay.)

Bé dé : Trong tam gidc ABC, néu A<B thi duong phan giac AN [6n hon duong phan giac BM.
Chitng minh bé dé:

Ldy N' trén AN sao cho m':g C
Tir d6 suy ra tir gidc ABN'M néi tiép (vi MBN' = MAN') i
Trong duong tron nay N
MAB<N'BA=>BM <N'A4
=>BM <N'4
A B

Ma N'A< AN => BM < AN

Bé dé dwoce chitng minh.

Dinh [i Steiner - Lenmus la hé qua truc tié'p ctia bé de trén.
Cach 2: (Cua tac gia R W.Hegy dang trén tap chi "The Mathematical Gazette" cua Anh vao nam
1992. Puwrge xem la cach gidi don gian nhdt)

Vé hbh AMDN nhuw hinh vé voi cac ki hiéu goc a, f,y,0

Do AN = BM => AMBD cin o M =>a+y=[+5(1)

Néu a< B, tir (1) suy ra y<58(2)

Mat khdc xét hai tam gidc NAB va MAB co AB chung, BM = AN
Ma a< 8 nén BN > AM => BN > DN (3)

Vivdy trong ABDN tir (3) suy ra & <y (4)

(2) va (4) mdu thuan => Vo I

Vi li do twong tir, a khong thé bé hon B A B
=a =L (dpcm)

Cdc ban doc gia than mén! Ké tir nam 1840 khi S.L.Lenmus gui thu cho nha hinh hoc J.Steiner dén
nay da 170 nam. Tir cdch chimg minh cia Steiner cho dén cdch chimg minh gan ddy nhdt cia
R.W.Hegy, con nguwoi da dan thwc hién dwoe khdt vong vwon dén cdi don gian nhdt. Chdc rang qud
trinh nay chua dung lai o day!

3. Cuéi phan chii ¥ nay xin gianh cho cdch gidi ciia chinh J.Steiner

Dua vao cong thuc:

C

po ac[(a+c):—b2}
(a+c)

oo ab[(a +b)2 —cz}
‘ (a+b)2

Tir ¢, = (_sau khi bién doi, dwa dwoc vé dang :
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a(a+b+c)[(a+b+c)(a2 +bc)+2abc](b—c)=0

=b=c
=> ABC la tam gidc can dinh A

Bai 8 : (Piém va goc Broca)
Cho tam gidc ABC. M la I diém trong tam gidc sao cho MAB = MBC = MCA = o.. Chitng minh rdng :
1. cota =cot A+cot B+cotC

, L1 1 1
" sina sin®*A sin®B  sin’C
3. sin’ @ =sin(4-a)sin(B-a)sin(C-a)

4. MAMB.MC =8R’sin’ a

5. Dién tich cua cac tam giac MAB, MBC, MAC ti l¢ voi Lz bL Lz
Gidi :
1. Dat MA =x, MB =y, MC =z A
Suas = St Susc = 82 Smca = S3
thdeS = S] + Sg +Sg
Theo dinh Ii ham so cot trong cdc tam giac MAB, MBC,
MCA ta co:
‘Xl -y d+y -2 b+ -x a+bh+c
48, 48, 4S8, 4S8
b>+c’—a> a*+c’-b° a+b ¢’ = c

cota = + +

4S8 4S8 4S8
<=>cota =cot A+cotB+cotC
(dpcm)

2. Tw cau 1 ta co:
cota =cot A+cotB+cotC
=> cot’ @ = cot” A+ cot” B +cot’ C +2(cot Acot B+ cot Bcot C +cot C cot 4)
=cot’ A+cot’ B+cot’ C+2
<=> co‘[205+1:(1+c0t2 A)+(1+c0t2 B)+(1+co‘[2 C)
1 1 1
<=> = + + dpcm
sinfa  sin*A4 sin’ B sin’C (dpem)
3. Ta c6 MAB=MBC = MCA=a
~ s 1 ) 1 )
Ré rang S,,,. ZEMA.ACsm(A—a) ZEMC.ACsma

__MA  sina

T MC sin(4-a)

Ly lugn tuwong tu, ta co
MC  sina

MB sin(C—a)

MB  sina

MA  sin(B-a)
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Nhdn tirng vé ba dang thirc trén, ta c6 :
sin’ «

= sin(A—a)sin(B-a)sin(C-a)

<=>sin’ a =sin(4—-a)sin(B—a)sin(C-a)

(dpcm)

4. Goi R;, Ry, R; twong ung la bdn kinh cdc duong tron ngoqi tiép cua cac tam giac MBC, MAC,
MAB.

Theo dinh li ham so sin trong tam giac MBC, ta co :

BC=a=2R sin BMC =2R sin| 7— (B +C-C) ]

B =C,=a=>BC=a=2Rsin(z—-C)=2RsinC

Li lugn twong tw : b=2R,sin 4,c=2R,sinB

=>abc=8R R,R,sin Asin BsinC

=> RR,R, =R (1)

Ap dung dinh If ham sé sin trong tam gidc MAB, ta c6: MB =2R,sina
Tuong tuw

MC =2R sina

MA=2R,sina

=> MA.MB.MC = 8RR, R, sin’ (2)

Thay (1) vao (2) ta c6 MAMB.MC =8R’sin’ a (dpcm)

5.Taco S

MAC —

%MC.b sina
Theo cau 4 ta co :
_absin’«

) \ a
MC=2R sina¢ va R, =———=> =
! ' 2sinC mac 2sinC

Li lugn tuong ty :

¢ - besin® o
Mz 2sin 4
g sin’ &
MEC T sin B

be ca ab

=S5 .:8 S ., = : :
MAB T TMBE T EMEAgin 4 “sin B sin C

<=> 8,5 Susc  Suca :E:%:a—b (Theo dinh Ii ham so sin )
a c

Chia 2 vé ddang thikc trén cho abce, ta c6 dpem.

Bai 9: (Dinh li Morley)
Cho tam gidc ABC. O méi géc cia tam gidc dy vé hai dwong chia géc dé ra lam ba phan bang nhau.
Cdc dwong dy cat nhau tai X, Y, Z. Chitng minh rang XYZ la tam gidc déu.

Gidi:
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Pat A=3a,B=3p,C=3y. Goi cic canh BC, CA, AB va dwong kinh dwong tron ngoai tiép AABC la
a, b, ¢, d twong ung. Theo dinh li ham 6 sin trong ACYA ta co :

cy b 0
sina  sin(180° —a - ) C
Do a+y=60°, vdy tir (1) suy ra:
sina sina
CY=b———=dsin3f.———(2
sin (120" + 3 d sin(60°—,3)( )
Ta co :
2
sin3,B3sin,B—4sin3,B4sinﬂ{(§} —sinzﬂ] i
:4sin,3[sin2 60° —sin’ ,B] A B

= 4sin Bsin (60" + B)sin (60" - B)(3)
Thay (3) vao (2):
n=CY = 4dsina.sin,6’.sin(60° +,6’)
Li lugn twong tu : m=CX = 4d sin a.sin ,B.sin(60° + a)
Trong tam gidc XYZ, dp dung dinh Ii ham s6 cos, ta ¢6 :
XY? =m’ +n’ —2mncosy
=16d”sin” B.sin’ oc[sin2 (600 + a) +sin’ (600 + ,B) -~ 2sin(600 + oc)sin(600 + ,B)cos }/}(4)
Do (60° +a)+(60°+ B)+y =180°,nén xét tam gidgc EFG v6i E=60"+a,F =60"+8,G=y. Goi d; la
duong kinh dwong tron ngoaqi tiép tam gidc nay. Theo dinh Ii ham so sin trong tam gidc nay, ta c6 :

FG=e=d, sin(60°+a) => sin(600 +05):di

1
EG=f =d,sin(60° + 8)=>sin(60° + B) =L
f=dysin(60°+ f)=>sin(60" + §) =
EF=g=d,siny =>siny =%
=g= 1s1n}/—>s1n}/—d
1
Vay thay vao (4), ta co :
e’ + f*—2ef cosy

XY? =16d”sin” a.sin” f3. 7
1

2

=16d”sin” a.sin’ ﬁ.% =16d”sin” a.sin” B.sin’ y
1

=> XY =4dsina.sin fB.sin y

Do vai tro nhu nhau, ta ciing co :

YZ =7X =4dsina.sin f.siny

=Y/ =7ZX=XY
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Vay XYZ la tam gidc déu.(dpcm)

*Chuy
1. Frank Morley (1860-1937) sinh tai Anh, nhwng hau nhuw sudt doi song ¢ Mi. Trong vai chuc nam
ong la gido sie todn hoc & trieong Pai hoc tong hop thudc bang Baltimore.

Ndm cuéi cing cia thé ki XIX-1899,- Morley phdt hién ra rang khi chia ba goc ciia mét tam gidc
bdt ki thi 3 giao diém ciia nhitng dwong chia dy la nhitng dinh cia mdt tam gide déu. Pinh Ii vé
duwong chia ba goc dwoc phé bién réng rai. Cdac nha todn hoc nhiéu niede nhdn né nhie mét "béng hoa
rung" cua hinh hoc.

Nhung Morley chi phat hién ma khong chung minh. Mot thoi gian dai, nhitng nguoi yéu todn di
tim "béng hoa rimg" dy, va - cudi cing - sau 10 nam, ho khdm phd ra rcing né thét sw ton tai.

Cdch chirng minh trén la mét trong hai cdch chirng minh bang todn so cdp ddu tién do nha todn hoc
An B$ Naranergar tim ra vao ndm I 909 Ciing trong nam do, mét nha todn hoc An Bé khdc la
M.Sachyanarayan dwa ra mét cach giai "phi rong gidc” (Chi ding dén kién thike hinh hoc I6p 9).
Nam 1914, Morley c¢éng bo cach chitng minh dinh Ii ciia minh bang todn cao cdap. nam 1924, Morley
lai trinh bay ti mi cich chimg minh da dwoc cdi tién ci minh va mé réng dinh Ii trong truong hop
chia ba cd géc trong lan géc ngoai, dd chitng minh dwoc sw ton tai cia 27 tam gide déu ma mét trong
s6 dé la tam gidc Morley ban dau. Cdch chitng minh ciia Morley rat dep, song phdi sir dung tinh chat
ciia dwong hinh tim (cardioid) trong todn cao cdp.

"Béng hoa rimg" tiép tuc quyén rii nhiéu nha todn hoc khdc trén khdp thé gidi, trong d6 c6 nha
todn hoc néi tiéng nguoi Phdap, H.Lebesgue (1875-1942). Nam 1939 - tirc la tron 40 nam sau -
Lebesgue dwa ra cdch chitng minh dinh li Morley mé rng - véi 27 tam gidc déu - bang todn so cdp -
diéu ma Morley chi la dwoc véi duwong Cardioid, véi cd trdi tim ciia minh !

Bai 10: (Bai toan Napoléon)
Cho tam gidc ABC. Vé phia ngodi trén ba canh tam gidc dung ba tam gidc déu. Goi O,, O, O; la tdm
ciia ba tam gidc déu dy. Chisng minh 0,0,0; ciing la tam gidc déu.

Theo dinh li ham 6 cos, ta co :

0,0} =CO? +CO? —2C0,.CO,.cos 0,CO, A

2 02
:>020§:(bﬁJ (aIJ os(60°+c)
3

3 3

2 2
:a_+b__2_ab C—ﬁsmC
3 3 3 2 2

B C

Hay
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ab\/g §
3 ab

a’+b’ —%(a2 +b° —cz)+

02 032 =

@ +b+c* 28543
- 255
6 3
Chung minh tuong tu, ta co :
a’+b*+c’ N 2543
6 3
=> 0,0, =0,0, = 0,0,
Nén 0,0,0; la tam gidc déu. (dpcm)
* Chu y:

01032 = 01022 =

1. Napoléon Bonaparte (1769-1821), hoang dé noi tiéng cia nwéc Phdp, la mét nguoi ham thich
todn, ngay ca liic cam qudn & trén mac, éng van danh nhitng phit gidi tri qua viéc gidi cac bai todn.

Napoléon da néu ra mot so bai toan, trong do co bai todan noi trén.

2. Sau day xin gioi thiéu cach giai "phi luong gidc" cua bai toan trén (chinh la cach giai cua hoang

dé Napoléon)

Dung cdc duwong tron ngoqi tiép cdc tam gidc déu
ACB', BCA' dung trén 2 canh AC va BC. Hai duong tron
nay cat nhau tai C va O. Hai tw giac noi tiéep AB'CO va
BA'CO ¢6 B'=A'=60", do d6 A0OC = BOC =120°, suy ra
AOB =120° vd duwong tron ngoqi tiép cdc tam gidc déu ABC'

cting qua O

Nhur vdy, ba dwong tron ngoqi tiép cdc tam gidc déu
ABC', BCA' CAB’ cat nhau tai O. Ta co 1IJ L. OC
(Vi 1J la duong néi tam ciia 2 duong tron co day chung OC)
Twong tw JK L OA=>KJI =60°(do

Tuong tu ta cé JKI = JIK = 60°
Nén IJK la tam gidc déu (dpcm)

A40C =120°).
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CHUONG III:

PHUONG TRINH LUONG GIAC

Do 56 lwong ciia cdc bai todn phirong trinh, bat phwong trinh la vé cing nhiéu nén ¢ phan nay
chung toi chi trinh bay mot s6 bai da chon loc,co cach giai hay, do kho twong doi va chdac chan sé thu

vi hon rit nhié@ so voi nhitng bai toan thong thuong khac.
Bai 1: Tim a dé hai phuong trinh sau twong duong:
sin 3x = 5sinx (1)
cos®x + asinx = 1 + sinx(2)
Giai:
Ta c6 (2) = —sin’x + asinx = sinx
& (sinx = 0)hoac(sinx=a — 1)
— siﬂx(-}sin:x +2)=0esinx=20
Vay(l) twong duwong voi (2) khi va chi khi:
a= 1hogca> 2 hoica < 0

Bai 2: Tim a,b,c dé phwong trinh sau ddy nghiém ding:
¥x € R:acosx + bcos2x + ccos3x = 0(2)

‘ ‘ Gidi:
Diéu kién can.Gia sur (1) dung ¥ x, noi riéng:
Khix==,tac6 —b=0-b=0
Khi x =§,m fdacos§= 0—=a=20
Khix=0,tacdc =10
Vay diéu kién can la a=b=c=0

Diéu kién dii: néu a=b=c=0 thi ré rang (1) ding (¥Ym).Tom lai a=b=c=0 la diéu kién can va du dé

(1) ding ¥x

Bai 3: Giai h¢ phuong trinh:
tanx —tany = sinx — siny (1)
tanx + tany = 2
0 T
< X,V = —
: 2
Gidi:
(1) & tany —siny = tanx — sin x
Xét ham s6 f (1) = tant — sint

. 1 g
= f'(t) = cos?t t > l::r[_ﬁ <t < ;)

Vay f (1) la ham dong bién trén (0, ),
Ta thay: (1) < f(x) = f(y)

S x=y
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x=y
Vay (.(2).(3) = {10 =1 =y ==

L
0<x<-

Nhur thé hé di cho ¢é nghiém duy nhdt (_1E , :—:-)

Bai 4: Giai phuong trinh:

1
tan‘x + tan*2x + cot*3x = 3

Piéu kién dé phirong trinh ¢ nghia ld :
3
x#—+knm
T2

Fl
2.};:.-"=E+k1r

3Ix = km
¢ T k
X = — T
2-F-
" K
XF —4+ KT
— 4 n

kr

r=—

2

Ta co:
1 —tanxtan 2x

cot3x =
tanx + tan 2x

— tan x cot3x + tan 2x cot3x + tan x tan 2x = 1(4)

Tw (4) suy ra:

3(tan*x + tan*2x + cot*3x) — (tan x cot3x + tan 2x cot3x + tanxtan 2x )¢ = 005)

— (tcmz_t - tan:2.1:)2 + (l‘.aﬂ:x — r:ot33:r'Jz + {'mn:lﬁ: — cat33x)2 + [taﬂ:x — tan 2x cath}z
+ (tan?2x —tan x cot 3x)? + (cotan®3x —tanxtan 2x)°> = 0

o tan’x = tan®2x = cot®3x = tan 2x cot3x = tan x cot3x = tan x tan 2x

« tanx = tan2x = cot3x

Vay phwong trinh da cho twong dwong voi hé sau:
tanx = tan2x(6)

tanx = cot3x(7)
s Lo

tan*x = ° (8)
Tu (6) suy ra 2x =x+kmw
- x= kn(9)
Do (9) khong thoa man (3) nén riéng (6) da vo nghiém
Vay hé (6),(7),(8) di nhién vo nghiém, tirc la phwong trinh da cho vo nghiem>
*Chu y: Bang ldp ludn twong tw nhu trén, ta c6 thé giai phirong trinh
tan’x + tan’y + cot®*(x +y) = 1
Cu thé duwa phirong trinh dy vé hé sau:
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tan’x = tanzy = cot:(x +y) = E

Tir d6 suy ra nghiém ciia phirong trinh dy la:

T T
X =g+kﬂ:,y = g+m7rrcﬁ m,k €L
Bai 5: Giai phuong trinh:
gsinx _ 21+sin.x CDS(X';’] + zi,ri -0

Gidi:
gsinx _ 21+sin.x CDS(X';’] + zi,ri -0
o [250% _ cos(xy)]? + 2% = cos?(xy) = 0(2)
¥l - ;

Do ﬁz =1V

cﬂs‘(xy) =1 Vx, Vy
Vay (1) twong dwong voi hé sau:

25 = cas(xy)
vl ’ j'r =0
¥ — e .
24 = 1 {zslnx — 1
cos*(xy) =1
y =0 y =
. - kel
H[sinx={] H{I=kw

Bai 6: Giai phuong trinh

Vasin?x — dsinx +2 ++/8sin?x — 8sinx + 11 = 1 — 12sin’x + 12sinx
N Gidi:

Dé thay no co thé viét duoi dang twong dwong sau:

. 1)?
¥ (@sinx — 1)2 + 1 + /2(2sinx — 1)2 + 9= —12 (simr _E) + 4(5)
T do co VI(5)= 4
VP(5)< 4
Vay (5)« sinx =

T

T 5m
Hx=g+2knhaacx=€+2kn
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CHUONG IV:

BAT PHUONG TRINH LUQONG GIAC

Bai 1: Gidi bat phirong trinh : 7/tanx (sin2 x+3cos’ x) < 6(‘/§(sin2 x+4cos’ x)
Gidi :
PK : cosx#0. Chia hai vé cho cos® x ta duoc:

7+/tan x (tan2 x+3) < 6(‘/5(tan2 x+4)

Dat tanx =t, DK : t>0, bpt tro thanh :
2
4
7\/;1‘24- 26%
" +3
Dat VT = f(x), voi t 20, ta co:

Ham (\/;) ddng bién trén [0, +00)
2

+
Ha‘lmt 3

i ddng bién trén [0,+oo)

=> (t) la ham dong bién trén [ 0,+w) va do dwgc t=+3 thi f(t)=63
t ‘ 0 NE) o0
f(t) ‘ /,6%/

Dua vio bang bién thién ta thdy f(1)<633 <=>1<3

Tw do suy ra 0<tanx <3 <=> anxS%Hm(keZ)
Bai 2: Gidi bdt phuong trinh : cos| z(x* ~10x) |-3sin| 7(x* ~10x) | >1
Gidi:
Dt y = (x*—10x). Bpt tré thanh :
cosy—\/gsiny>l
VA
<=> cosy—tangsmy >1

T . . T T
<= COS)/COSE—SIHySIHE > COSE

V4 V4
<=>cos| y+— [>cos—
( 3) 3
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<=> —£+k27r<y+£<£+k27r,kez
3 3 3
2

<=> _T+k2”<y<k2”
2 )

<=> _T+k2” <7r(x —10x)<k27r

<=> —§+2k<x2 —10x < 2k (*)

1.Gidi bpt x* —10x <2k, ke Z
<=>x"—-10x -2k < 0(1)

(1) c6 nghiém néu:
AN=25+2k>20<=>k>-12

5—N25+2k <x<5+~25+2k
2 ,

2. Gidi bpt —§+2k<x —10x
2 2

<=>Xx —le—2k+§20(2)

A':25+2k—§20<:>k2—12

(2) co nghiém khi k>—-12
x<5—‘/25+2k—§ % x>5+‘/25+2k—§

Voi moi k>-12, ta co:

0<25+2k—g<25+2k

3
=> ‘f25+2k—§ <~J25+2k
5—-~N25+2k <5—‘/25+2k—§

==

5+‘/25+2k—§<5+\/25+2k

Do do nghiém cua (*) la

5—\/25+2k<x<5—‘f25+2k—§
5+‘f25+2k—§ <x<5++25+2k,keZ,k>-12

Vay nghiém cua bpt da cho la



5—\/25+2k<x<5—‘/25+2k—§
5+‘f25+2k—§<x<5+\/25+2k

Voi keZ, k>-12
Bai 3: Gidi bpt: 5+2cos2x<2|2sinx—1](1)
Gidi:
(1) <=>5+2(1-2sin’ x) <3| 2sinx 1|
<=>7—4sin” <3|2sinx—1|
Dat y=sinxvoi -1< y<1, ta co:

7-4y° 33|2y—1|(2)
, . 1 .
a. Xét truong hop : ESysl. Ta co :

(2) =>7-4y’ £3(2y—1)
<=>4y"+6y-10>0
<=>2y"+3y-520

5
= y<—=,y>1
yE=2uy

Két hop véi diéu kién a. ta c6y =1 => sinx = 1 <=> x :%+k27r,k e”Z

b. Xét truong hop : —1< ysé. Ta co:
(2) =>7-4y’ £3(—2y+1)
<=>4y" —6y-4>0<=>2)"-3y-2>0

1
= ypy<——,y<2
y > y

£ (s 3:A g aa , 1
Ket hop voi diéu kién b. ta co —1<y < -

=> —lgsinxg—l <:>—5—”+12;z3—%+12;z,zez

T
xX=—+k2x
Vay nghiém bpt di cho la | 2 Vi k,leZ
—%+l27z < —%+l27z

Bai 4: Gidi bdt phurong trinh : 81" * +81°* <30(1) véi x (0,27)
Gidi:

Dt y =81 *véi 1< y <81(*)
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Ta cé : g1=x =gpsns =81
y

3 30<0
v

=>1>-30y+81<0
<=>3<y<27 thoa (*)
Do do :

3<8I Y <27

<=>3l <38 < 3

<=>1<4sin* x<3

| 3
<=>-—<sm x<—

4 4
<:>1SsinxS—3(a),—

2 2

5

<8 o5

Gidi (a) <=> % <x<

Wy

4
Giai (b) <:>7?”ng—ﬁ,s_ﬂgxg_

3 3

IN

1
<sinx<——(b
sin x 2()

R
6

117z
6

D6 la 4 tdp nghiém ciia bdt phwong trinh trén.

Bai 5: Gidi bat phirong trinh:

Ta co
sin 2x —sin3x +sin 4x

cos2x —cos3x +cosdx
sin 2x +sin4x —sin 3x

cos2x +cos4dx —cos3x
_ 2sin3xcosx—sin3x

2cos3xcosx —cos3x

sin3x(2cosx—1) 3
= = x

B cos3x(2cosx—1)
Véi diéu kién 2cosx #1
Ta co :

sin2x—sin3x+sin4x

2 cos2x—cos3x+cos4dx

Gidi:

>1 ¥
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(*) <=> 23 >
<=> tan3x—\/§ >0
<=>tan3x > \/3

<z>%+kn£3x£§+kﬂ,kez

<z>£+k££x££+k£
9 3 6 3

Vay nghiém ciia (*) la %+k%£x£%+k§,kez

Bai 6: Gidi bdt phwong trinh :~Jsinx+2cotx <—1

Gidi :

Trong diéu kién cé nghia ciia né thi \Jsinx+2cotx >0

Vay bdt phwong trinh d cho vé nghiém.

Bai 7: Gidi bat phuong trinh : 4(x" —2x+1)(sinx+2cosx) > 9| x’ —2x+1(1)
Giai:

Xét cac kha nang sau:

a. Néu x* —2x+1>0

(1) <=> sinx+2cosx2% vo i vi —\/gé(sinx+2cosx)£x/§

b. Néu x* —2x+1<0

(1) <=>sinx+2cosx < —% Vo li
Do d6 (1) chi c6 thé c¢é nghiém khi x* —2x+1= 0(2)

\ . A as -1 -1-
Phuong trinh (2) c6 nghiém la x, =1,x, = ;\E ,X, = 2\6
D6 ciing la nghiém ciia bdt phwong trinh trén.

CHUONG V:

BAT PANG THUC LUONG GIAC

Bai 1: Chitng minh rang ty sé khodng cach 16n nhdt giita hai dinh véi khodng cach bé nhdt giita 2
dinh ciia 1 tir gide 16i bat ki khéng bé hon 2 .

Gid sit M, m twong mg la khodng cdach I6n nhdt giita hai dinh va khodng cdch bé nhat giia 2
dinh ciia mot tir gide 16i. Vi it nhdt mét trong cde géc cua tir gide khong phdi la géc nhon. Thi du
ABC. Khi dé :

M’>AC°=AB’+BC’-24AB.BCcosABC

— M*>AB*+BC’ >m’ +m’=2m’
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=M 5 2. D6 la diéu phdi chimg mink.
m

Bai 2: Cho ti¢ gidc 16i ABCD . Chitng minh rdng :

A B C D 16
tan — + tan — + tan — + tan— + <4
4 4 A B C
4 + tan— + tan— + tan— + tan —
2 2 2 2
Gidai:
L \ I 1 1 1 16
Voix, y, z t> 0 thi: o>
X y z t Xx+y+z+t

Ma  ABCD I6i nén:
ABCD r« A B C D
0<—,—,—,—<—=tan—,tan—,tan—,tan— > 0
2222 2 2 2 2

Ta co:

1 N 1 N 1 N 1 S 16

A B C D A B C D
l+tan— 1+tan— Il+tan— 1+tan— 4+tan—+tan—+tan— +tan—
2 2 2 2 2 2 2 2

Do do , dé co diéu phai chung minh , chi can chung minh :

A 1 B 1 C 1 D 1
tan—+——— |+ tan—+ ——— |+ | tan—+ —— |+ tan—+—D <2
1+ tan— 4 1+ tan— 4 1+ tan— 4 1+ tan—
2 2 2 2
g A . A PO
Dat x = tan— thi tan_=_——. the thi:
4 1-x
A 1 l+x+x’-x> 2x"—x-x
tan— + = X 2x < * Y )2 +1<1
1 A 1+2x—x 1+2x—x
+ tan—

Vi I+x>2x = x+x° >2x*. Diéu phdi chitng minh.

Bai 3: Cho 4 s6 thay doi a,b,x, v thoa man & +b’=4va x2+y2=3
Chitng minh rang: — 23 < ax+by <23

2 b 2
a*+b’=4 < (gj +(—J =1
2 2

Gidi:

a
E:cosa

< daeR: b
—=sina
2
a=2cosa

= )

{b:2sma
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Twong tir : x° +y° =3 < 3B eR:
Y _sinp

3
c>{\/gcos,é’
J3sin B
Vay M = ax+by
= 2cosa .3 cos B+ 2sin a3 sin B
= Zﬁ(cosa.cosﬂ+sin a.sin f3)
=2x/§.cos(a—,8)
Vicos (a—f) <1 nén |M|£2\/§
<:>—2\/§Sax+bys2\/§
Két lugn: min( ax + by ) =-23
max(ax +by) = 24/3.

* Chu y : Voi cach giai hoan toan twong ty ta ciing co thé giai dwoc cac bai toan sau:

1. Choxvayla 2 sé thay doi va nghiém ding phirong trinh x’+y’=1. Tim gid tri nhé nhdt va gid

tri [om nhat ciia biéu thirc P=2x-y+1

2. Tim gid tri I6n nhdt va nhé nhat cia biéu thirc y-2x+5 biét x va y la ha sé thay déi thod man

36x°+16y°=9

Bai 4:Chitng minh rang trong moi tam gidc ta co:
1. & (p-b)(p-c)+b’ (p-c)(p-a)+ (p-a) (p-b) <p°R’
2. p’ > ab.sin’A+bc.sin’ B+ac.sin’C
1. Pua bdt dang thire vé dang tirong dwrong sau:
b* c’

(p-a)(p-b)@-C)( . - jé(p—a+p—b+p—c)2/-’32 (1)

p—-a p-b p-c
Dat p—-a=x,p-b=y,p—-c=z.Khidox,y,z>0
Véi ki hiéu dy thi
(1) < azyz+b2)cz+cz)cys()c+y+z)2R2
Theo dinh Ii ham s6 cosin suy ra:
zy4sin2 A+ xz4sin® B+xy4sin2 Cc< (x+y+z)2

< zydsin® A+ xz4sin® B+xydsin® C<x* + 3> + 27 +2xy +2yz +2xz
=3 +2x(y—2y.sin2C+z—2z.sin2 B)+2yz—yz4sin2 A+y +2°>0

< x% +2x(yc0s2C +2zc0s2B)+2yzcos2A+y* +22 >0 (2)

.A A s ” N , A ” r A A ” 2 71 N
Quan niém ve trai cua (2) la tam thurc bac 2 cua x co hé so cua x” la 1>0. con:
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A" =(ycos2C +zcos2B)’ —2yzcos24—y* —z°

= (y2 cos’2C — 1)+ (22 cos’ 2B - 1)+ 2yz(cos2Bcos2C —cos2A4)
=-y’sin’ 2C - z”sin” 2B + 2yz[cos2Bcos2C - cos(2B + 2C)]
=—y*sin® 2C -z’ sin> 2B + 2yzsin 2Bsin 2C

= —(ysin 2C - zsin 2B)’ <0

Theo dinh li vé ddu tam thirc bdc hai suy ra (2) ding = diéu phdi chitng minh.

2. Bat dding thite cho twong dwrong véi bat dang thire sau:

2
(@tb+e) | pin® A+ aesin® C+ besin® B

& a’ +b* +c? +2ab+2bc +2a > 2ba(l - cos2 A)+ 2ca(l — cos 2C) + 2¢b(1 — cos 2 B)

S a’+b° +c¢” +2abcos2A4+2bccos2B +2accos2C >0
< a* +2a(bcos24+ccos2C)+b* +c* +2bccos2B>0 (3)

Quan niém vé trdi la tam thir bdc hai ciia a. Do hé s6 cua & 1 1>0 va:
=(bcos2A4 +ccos2C)’ —2bccos2B —c” —b’
=—b’sin* 24 —c” sin* 2C + 2bc(cos 24 cos 2C — cos2B)
=—b’sin’ 24— ¢’ sin” 2C + 2bcsin 2A4sin 2C
=—(bsin24—csin2C)* <0
Vay (3) ding va do la diéu phdai chitng minh.
Dau bang xdy ra < AABC la tam gidc déu.

Bai 5: Cho twr dien OABC vuong tqi O . Goi a, 3,6 lan lwot la goc giita duwong cao OH voi cdc canh

OA,0B,OC. Tim gid tri nhé nhdt cia biéu thirc:
cosa +cos ff N cos f#+coso L cosa+ coso

T =
cos’ & cos’ a cos’ B
Gidi:
Dat x=cosa,y =cos 3,z =cosd
1 1 1 1
Vi: + + = =x+y +z° =1

04> 0B* 0C* OH®
=0<x,y,z<1,dodoa, 5,6 déunhon. Ta co:
x+y y+z z+Xx

2 2 2
z X v

Xét (x+y+z)T:(x+y+z)(x+2y+y+22+Z+2xj
z x v

2 2 2
:x+y+y+z+z+x+(x+yj +(y+zj NESS:
z X y z X y

2
N [__j Yo x| Yxty yrz z4x
z y X z x y) 3\ z X h%

>2+2+42 +%.62 =18 (1) .(Bdt dang thirc Cési va Bunhiacépxki)

T =

Ngodadi ra : 0<x+y+z£\/3(x2+y2+zz)=\/§ (2).
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18
Tw(l)va (2) suyra T >—
(1) va (2) suy N

Ddu “="xdy ra < x=y=z< 04 = 0B = OC.
Vay T dat GTNN bcing % khi tir dien OABC vuoéng cdn tai O.
Bai 6: Cho tam gidc ABC. Chimg minh rang:
S=(1+b+c—bc)cosA+(1+a+c—ac)cosB+(1+b+a—ab)cosC <3
Ta c6 thé thay :
S =cosd+cosB+cosC+(b+c)cosA+(c+a)cosB+(a+b)cosC—(abcosC +bccos A+ accosB)
Dat P = cosA+cosB+cosC
O = (b+c)cosA+(c+a)cosB+(a+b)cosC
R=ab.cosC+bc.cosA+ac.cosB

Dé thdy : P=cosA+cosB+cosC S% (1)

(Dédu “=""trong (1) xay ra < AABC la tam gidc déu)
Theo dinh li ham s0 sin ta co:
bcosC +ccos B = 2R(sin BcosC +sin Ccos B) = 2Rsin(B+C)=2Rsin 4 =a

Tuong tu ta co:
acosC +ccosB=b,acosB+bcosd=c

= QO =a+b+c.Con theo dinh Ii ham s6 cosin , thi:
a*+b* +c?
2

R=

2 (2)
Pé y rang:
a’+b* +c?
2
(@10 +@B-1) +(c-1)
2
Dadu “=" trong (3) xay ra khi a=b=c=1
Tw (2) va (3) suy ra S<3. Do la diéu phai chung minh.
Ddu “=" xdy ra < dong thoi ¢é dau “=" trong (1) va (3) < AABC la tam gidc déu c¢é canh bang 1.

3
—+(a+b+c)-
S +(a c)

=3- <3 (3)
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Loi két :

Chung ta da cung nhau di mot vong quanh virong quoc ciia nhitng bai todn leong gide, da cing
nhau chiém nghiém sw rong lon cua dqi duong kién thirc bao la. Nhung todn hoc mdi la mét cdu
chuyén khong co hoz két, chiing toi - van con thzeu kinh nghiém va chua chuyén nghiép, nén chi co
thé gici thiéu mot s6 bai todn hay va rdt thii vi an trong nhitng céng thirc khé khan va qud w trivu
twong. Ban sé thdy mdt s6 bai todn ma cé thé chang dimg dé lam gi cd, nhung hay coi né nhir mot
bong h(;ng, mot burc hoa dep hay mot ban tinh ca cua thién duwong toan hoc...Vi mot lé, no duoc sinh
ra trong mot phiit, mét ngay, ca mét doi nguwoi hay qua nhiéu thé hé chi dé thod man niém dam mé
cua nhitng ai phat hién va ching minh dwoc vé dep tuyét voi cua no!

Pé tai nay, ching em kinh ting nguoi thdy gido yéu mén, thay Nguyén Ldi.
Moi gop v xin lién hé : Té 4 — Todn 2 — Nién khod : 2008 — 2011

Truong THPT chuyén Luong Van Chanh

Tp.Tuy Hoa, tinh Phu Yén.
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